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ABSTRACT. In this paper, we prove the torus theorem and that mani-
folds in a certain class of 3-manifolds with toral boundary are determined by
their fundamental groups alone. Both of these results were reported by F.
Waldhausen. We also give an extension of Waldhausen’s generalization of the
loop theorem.

I. Introduction. The primary purpose of this paper is to prove the “Torus
Theorem™ reported by F. Waldhausen in [17]. This theorem relates the existence
of essential maps of tori into a 3-manifold M and essential embeddings of tori or
annuli into M. The reader should note that the manifold M is required to be
bounded and irreducible. Originally the author thought that the torus theorem
would also hold if one assumed that M was “sufficiently large” but not necessarily
bounded. Unfortunately this is not true as is shown by an example communi-
cated to the author by W. Jaco. Jaco obtained his example by surgery on the
space of a torus knot of genus greater than two.

The results of this paper also follow from theorems proved independently
by Johanssen and by Jaco and Shalen which classify the boundary preserving maps
of a torus or annulus into a sufficiently large 3-manifold, up to boundary preserv-
ing homotopy.

We obtain as corollaries to the “torus theorem” partial answers to questions
of Neuwirth (question T in [8]) and Papakyriakopoulos (question 3 in [9]). The
“torus theorem” also relates to a question of R. H. Fox (problem 4 in [7]). In
the general case a negative answer to Fox’s question has been given in [4] and [13].

We also obtain a result that shows that a certain class of 3-manifolds with
toral boundaries are determined by their fundamental groups alone.

In order to establish the “torus theorem”, we first prove supporting theo-
rems that have some interest in their own right.

Firstly we give an extension of the “annulus theorem” reported by
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2 C. D. FEUSTEL

Waldhausen in [17] and proved in [6]. We also give an extension of Waldhausen’s
“generalized loop theorem” [14].

The author acknowledges his indebtedness to F. Waldhausen who announced
results in [17] that suggested the direction of this paper.

II. Notation. Throughout this paper all spaces are simplicial complexes
and all maps are piecewise linear. We use regular neighborhood to mean second
regular neighborhood. The closure of a set X C Y is denoted by cl(X). All mani-
folds are compact and orientable unless they arise in a proof or we admit they
are nonorientable. We denote the boundary of a manifold M by oM and M — oM
by int(M). A manifold N is properly embedded in a manifold M if N N oM = oN.
If X and Y are connected spaces, the natural map from =, (X) into ,(Y) induced
by inclusion is denoted by m,(X) — m,(Y). A two-sided connected surface F
properly embedded in a 3-manifold M is incompressible (in M) if 7, (F) — m,(M)
is monic. It is a well-known corollary to the loop theorem [12] that F is incom-
pressible in M if and only if, for each disk D embedded in M such that DN F =
oD, 0D is nullhomotopic on F. A surface embedded in M is incompressible in M
if each of its components is incompressible.

Throughout this paper 4 will denote an annulus and ¢, and ¢, the compo-
nents of 94. An arc properly embedded in A whose complement is simply con-
nected is a spanning arc of A. We denote one such arc on 4 by a. Let F be a
surface embedded in the manifold M. A map f: (4, 04) — (M, F) is F-essential
if

1) fy: 7, (A) — 7 (M) is monic.

(2) The arc f(c) is not homotopic rel its endpoints to an arc on F.

If F = 0M, we say that f is essential. The reader should observe that the
definition of F-essential is independent of the choice of a.

Throughout this paper T will denote a 2-dimensional torus and D will denote
a 2-dimensional disk. Let M be a 3-manifold and f: T — M a map. Then fis
essential if

1) fe: 7, (T) — 7, (M) is monic.

(2) There is an element ¢ € m,(T) such that f,(0) has a representative loop
not freely homotopic to a loop in M.

We define an essential map of a Klein bottle in the same way. We shall say
that f is S-essential if f is essential and for each o # 1 € m,(T), f«(0) has a rep-
resentative not freely homotopic to a loop in M. If f: T —> M is an essential
map that is not S-essential, we say that f is W-essential.

Let F, and F, be disjoint surfaces properly embedded in a 3-manifold
M. Then F, is parallel to F, if there is an embedding g: F; x [0, 1] — M such
that

(1) &(F, x {0}) =F;,.
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(2) g(F, x {1}) =F,.

(3) g(F, x [0,1]) C aM.

Let f: X — Y be a map. Then we denote cl{x € X: f~!f(x) # {x}} by
S(f). We use the terms hierarchy and boundary incompressible as they are defined
in [15] and [16]. We shall denote the Euler characteristic of a surface F by
X(F). Let M be a 3-manifold with incompressible boundary. Let F be a two-
sided, connected surface properly embedded in M. We shall say that F is good
(with respect to M) if

(1) F is incompressible.

(2) F is boundary incompressible.

(3) F does not separate M.

(4) A two-sided surface F; properly embedded in M and satisfying proper-
ties (1), (2) and (3) above cannot be found so that x(F,) > x(F).

(5) A two-sided surface F; properly embedded in M and satisfying proper-
ties (1), (2), (3) and (4) above cannot be found so that genus(F,) < genus(F).

Let f: T —> M, be an essential map. Let M;, F; C My, U(F)) forj = 1,

.., n be a hierarchy for M,. We suppose that

Q) F, is a disk if aM, is compressible forj=1,...,n.

(2) Fjis an essential annulus if 9M; is incompressible and M; admits an
essential embedding of an annulus forj=1,...,n.

(3) Fjis a good surface otherwise.

We assume that if there is a map f; homotopic to f and a surface F ; satisfying
(1)—(3) above such that f,(T) N F; is empty, F, has been chosen to be such a
surface. More generally if there is a map f; homotopic to f such that f,(T) C M,
and surface F; in M; satisfying (1)—(3) above such that f,(T) N F; is empty, F;

is such a surface forj=1,...,n.

We shall say that a hierarchy having the properties above is special with
respect to f.

Let M, be an orientable 3-manifold and F a two-sided connected surface
properly embedded in M;. Then the manifold M, obtained by splitting M, along
F has by definition the property: M, contains surfaces F; and F, which are
copies of F, and identifying F; and F, gives a projection P: (M,, F; U F,) —
M, F).

We say that a map f: A — M is transverse with respect to a surface F
properly embedded in M if for each x € f ~1(F)

(1) £~ f(x) contains at most two points.

(2) Let R, be a regular neighborhood of F.

Let R, be a regular neighborhood of x € A. Then R, — f~!(F) has two com-
ponents and f carries these components to distinct components of R; — F.
Let F be a surface properly embedded in a 3-manifold M. Let F, and F,
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be disjoint surfaces embedded in M so that
F;n(FUM)=0F; forj=1,2.

We say that F, and F, are parallel rel F if the surfaces in P"’(Fl U F,) are
parallel in the manifold obtained by splitting M along F.

Let K be a knot in §3. Let M be the complement of the interior of a
regular neighborhood of K in S3. Then we shall say that M is the &not space of K.

III. F-essential annuli. In this section we relate the existence of F-essential
maps and F-essential embeddings.

LEMMA 3.1. Let F be an incompressible, boundary incompressible surface
properly embedded in the 3-manifold M. Let f: D — M be a map such that
f~Y(F) is an arc B in 9D and f~1(0M) = 9D — int(B). Then there exists a map
f's D— M such that f' 1B =118, f'(D) C Fand f'(0D - B) C oM.

Proor. This lemma is a weakened form of Lemma (1.7) in [16] and its
proof follows immediately from the proof of (1) in that lemma.

PROPOSITION 3.2. Let M be a 3-manifold and F an incompressible surface
in M. Let my(M) =0 and f: (A, 0A) — (M, F) a map such that fy: m,(A) —
ny(M) is monic. Then f is F-essential if and only if it is not homotopic el 04 to
a map into F.

Proor. Clearly if f is homotopic to a map into F, f is not F-essential.
Suppose f is not F-essential. Then there is a homotopy of f |« rel da to a map
into F. Thus we may assume that f(a) lies on F. If we split 4 along «, we obtain
a disk D and f induces a map f;: (D, 30) — (M, F). It can be seen that if f, is
homotopic rel 8D to a map into F, f is homotopic rel 34 to a map into F. Since
F is incompressible, f, (@) is inessential on F. Thus there is amap f,: D —F
such that £, |90 = f, |9D. Since m,(M) = 0, f, is homotopic to f; rel 80. This
completes the proof of Proposition 3.2.

THEOREM 1. Let M be a 3-manifold and F C 0M an incompressible surface
inM. Let f: (A4, 04) — (M, F) be an F-essential map such that f|0A is an em-
bedding. Then there is an F-essential embedding g: (A, 0A) — (M, F) such that
f(24) = g(34).

PrROOF. Theorem 1 is an immediate consequence of Theorem 1’ in [6].

THEOREM 2. Let M be a 3-manifold and F a surface embedded in oM such
that m,(F) — n,(M) is monic. Let f: (A, 34) — (M, F) be an F-essential map.
Then there is an F-essential embedding g: (A, 04) — (M, F). Furthermore if
fley) N fle,) is empty we may assume that g(c;) lies in any prespecified neighbor-
hood of f(cj) forj=1,2.
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PrOOF. One uses the proof of Theorem 2 or Theorem 3 in [6] to obtain
an F-essential map f: (4, 94) — (M, F) such that f,104 is a homeomorphism.
Theorem 2 can now seem to be a consequence of Theorem 1.

IV. A generalization of the loop theorem. In this section we concern our-
selves with replacing a map f: (4, 94) — (M, F) by an embedding g: (4, 04) —
(M, F) so that the class of the loop g(c,) preserves a certain property of the loop
flcy)- In particular if F is an incompressible surface in dM and f{(c,) is not freely
homotopic to a loop in 9F, we will show that we may suppose that g may be
chosen so that g(c,) is not freely homotopic to that loop in dM as long as f(c,)
N flc,) is empty. In case the component F; of F on which f(c,) lies is planar
and x(F;) = -1, Theorem 3 shows that g may be chosen so that g(c,) is freely
homotopic to any prespecified component of dF,.

In Theorem 3 below we are interested only in the conjugacy class of
[fle)l, 7y, ..., 7, so we need not concern ourselves with a basepoint for 7, (F).

THEOREM 3. Let F be an incompressible bounded surface embedded in aM.
Let 1y, ..., 7, be elements in n,(F) with the following properties:

1) r,#c* forall o €Em(F), k #tl,andi=1,...,n.

() oy7ioy o,loz ! # 051y 03" for all integers i, j, k, u, v, and w and
all elements @y, 0,, 03 € ,(F) such that 1 <i, j, k <n, 0, # 0,, and u, v, and
w nonzero.

@) i1 #orfo ! where € (F)unlessi=j=k o=1,andu +v=
w where u, v, and w are not equal to zero.

Let f: (A, 04) — (M, oM) be a map such that

) f: 7(A) — 7, (M) is monic.

@) fe,)CF.

(3) Aey) N fey) is empty.

(4) [Acy)] is not conjugate to a power of 7, for 1 <i<n.

Then we can find an embedding g: (4, dA) — (M, OM) such that

(1) g4: 1 (A) — 7, (M) is monic.

(93] &(c;) lies in any prespecified neighborhood of flej) forj=1,2.

(3) [g(cy)] is not conjugate to a power of 7, fori=1,...,n

ProoF. The proof of Theorem 3 varies very little from the standard one
involving a tower of 2-sheeted coverings. Suppose that £, : (4, 34) — M,,,oM, )
is a map such that f,, .+(m;(4)) is not contained in any subgroup of index two of
n,(M,,), q: M,, — M is a map such that gf,, = f, and fn(A4) is a deformation
retract of M,,,. The usual homology arguments show that dM,,, is the union of a
torus T and a collection of 2-spheres. Since f, is monic, f(04) C 7. Let R be a
regular neighborhood of f,,,(c;) in T. Let A, be the closure of the component of
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T — R which contains f,,(c,). Since gf,,(c,) is essential and 34, can contain at
most two components, A, is an annulus. Let A, be the closure of T —A4,. Let
A; be a simple loop in fm(c;) such that A, represents a generator of my(4;) for
f=1,2. Now [f,(c))] = [N1° € w1 (4, x) where x € \; and v is an integer. It
follows that gf,,(c,) = f(c,) is homotopic to a nonzero multiple of qQ4,) in F
since F is incompressible. Thus if [f(c,)] is not conjugate to a power of 7;,
[g(7;)] will not be conjugate to a power of 7; fori=1,...,n. Letg,: 4 —
oM, be an embedding such that g,,(d4) = A; U A,. It can now be seen that we
may replace the map qf,, = f with the map qg,,,. The argument above shows
that the map of 4 into the manifold at the top of the tower may be taken to be
an embedding.

It remains to be shown that we can “push this embedding down the tower.”
Suppose (M,,,, P,,) is a 2-sheeted cover of M,, _,, f,,,: (4, 04) — (M,,,, dM,,) is
an embedding, f,,_; =p,,f,,, and q: M, _, — M is a map such that qf,, _, =
/. We may suppose that the singular set of f,, _, is the union of a collection of
pairwise disjoint arcs and loops. Clearly the loops can be disposed of by using
the standard argument. Suppose a, and a, are disjoint spanning arcs on 4 and
that f,, _,(e;) = f,,_1(®,). Let a; and a, be the closures of the components
of ¢; —(a; Ua,). Let x be the point f(3a,). Now [flc;)] = [f(a;)] [fa,)] in
7,(F, x). If [fla,)] (or [f(a,)]) is not of the form o, 707! where o, € (F, x)
and u is a nonzero integer, we can find an embedding g,,,: 4 — M, such that
AP m8m(€1) = fay) (o1 fla,)). Otherwise [fla,)] = oy7¥'07 ! and [fla,)] =
0,770 ! where i, j, u, v are nonzero integers such that 1 <i,j <nand 0,, 0, €
7y (F, x). Since 7, # 7; o1 0; # 0, 011'}‘01‘1021',‘”02‘1 # 057703 ! for o, €
m,(F, x), 1 <k <n, and w a nonzero integer. Thus it can be seen that the usual
cutting argument will suffice.

Suppose @, and a, are disjoint simple arcs on A4 such that f,,, _,(;) =
fru—1(0) and dq; C ¢y forj=1,2. Then e; and a, cut off disks 0 and D,
on 4. Let f; be the closure of (av,.) —o;forj=1,2. We observe that the loop
fin— 1) U £, _1(8,) is nullhomotopic on the singular disk f,, _,(D; U D,).
Thus the loop f(8,) U f(B,) is nullhomotopic in M and thus on F since F is in-
compressible. It follows that one could have simplified the singular set of flc,
via a homotopy or that one can use the usual cutting argument.

It can be seen that if @; and a, are disjoint simple arcs properly embedded
in A such that aa, Cecyforj=1,2andf, (o) = frm—1(ay), the standard
cutting argument yields a map agreeing with f on ¢;. Theorem 3 follows.

V. Supporting lemmas. In this section we prove the lemmas which are
necessary in our proof of Waldhausen’s “Torus theorem”. It is a consequence of
Lemma 5.1 below that an essential loop A on a good surface F embedded in a
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3-manifold M is not freely homotopic to a loop in M unless X is freely homo-
topic in F to a loop in 9F or F is the planar surface with three boundary com-
ponents.

LEMMA 5.1. Let F be an incompressible, boundary incompressible, non-
separating surface properly embedded in M such that F is not the planar surface
with x(F) = -1. Let f: A— M be a map such that f(c,) C F, f(c,) is essential,
fc;) C oM, and f{(c,) is not freely homotopic in F to a loop in dF. Then F is
not good.

ProOOF. After a general position argument, we may suppose that there is
an annular neighborhood 4, of ¢, in 4 such that f~1(F) N 4, = ¢, since F is
two-sided. We may also assume that £~ 1(F) is the union of a finite collection of
disjoint simple arcs and loops properly embedded in A. We suppose that f has
been chosen so that the number of components in £~ (F) is minimal.

Let A be a simple loop in f~1(F) - ¢;. Suppose A is nullhomotopic on 4.
Since F is incompressible, f(A) is nullhomotopic on F. Let D be a regular neigh-
borhood of the disk bounded by A in 4. Then we can alter f on D to obtain a
map f;: A — M such that f, [A - D =f|4A - D and f,(D) N F is empty. This
contradicts our assumption of minimality on £~ (F).

Suppose A is not nullhomotopic on 4 and f(A) is not freely homotopic on
F to aloop in 0F. Let A, be the subannulus of 4 bounded by ¢, and A. Then
the existence of the map f; = f|4,: A, — M contradicts our minimality hypoth-
esis since f 'I‘I(F) contains fewer components than f~1(#). Thus we may sup-
pose that f(A) is freely homotopic to a loop in 9F. Let A, be a regular neighbor-
hood of the annulus bounded by ¢, and A. Then we can alter f on 4, to obtain
amap f;: (4, c,) — (M, dM) such that ;|4 — 4, =f|4A — A, and f{4,) does
not meet F. This contradicts our minimality hypothesis above. Thus we may
suppose that f~!(F) — ¢, contains no simple loops.

Suppose there is an arc a in f~!(F) — ¢,. Then we can choose « so that
there is a disk D on A such that DN f~!(F) = e and 3D = a U (D N f~1(aM)).
It is a consequence of Lemma 3.1, that we can alter f on D to obtain a map
fi:A— Msuch that f, |4 -~ D= f|A - D and f;(D) C F. One can now modify
f1 on a regular neighborhood of D to obtain a map f, such that the number of
components in f !(F) is less than the number of components in f~*(F). This
contradicts our minimality hypothesis. Thus we may suppose that f~}(F) = cq-

It is a consequence of Theorem 3 that there is an embeddingg: 4 — M
such that

(1) g(cy) C F and g(c,) C oM.

2 K_I(F) =0C;.

(3) &lc,) is not freely homotopic on F to a loop in oM.
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4) g4 m(4) — m, (M) is monic.

Let R be a regular neighborhood of F U g(4) and G = cl(0R — 0M). Let
F,; be the component of G parallel to . Now x(G) =2 * x(F). If G- F, is
connected, genus(G — F,) < genus(F). Otherwise let F, and F5 be the compon-
ents of G. Then x(F,) > x(F) and x(F3) > x(F). Since F is incompressible it
can be seen that F, U F, is incompressible. Since [F,] is not a boundary rel oM
and [G — F,] is homologous to F, rel 0M, [G — F,] is not a boundary rel M.
Let F, be a component of G — F;. Then we may suppose that F, does not
separate M. If F, is boundary incompressible, it can be seen that F is not good.
Otherwise there is a disk D embedded in M such that D N F, is an arc § and
DN @MU F,)=09D. Using an argument similar to the one above we can find
a nonseparating, incompressible surface F, properly embedded in M such that
X(F3) > x(F,). Since x(F;) <1, it can be seen that F, may be taken to be
boundary incompressible and thus F is not good. This completes the proof of
Lemma 5.1.

Lemma 5.2 below is proved using techniques similar to those used in the
proof of Lemma 5.1 above and we leave most of the details to the reader.

LEMMA 5.2. Let F be a good surface properly embedded in M and R a
regular neighborhood of F in M. Let m,(M) = 0. Let g: (4, 94) — (M, int(F))
be an F-essential embedding such that

(1) g(A) meets only one component of R — F.

(2) &(c,) is not freely homotopic in F to a loop in oF.

(3) g4: my(A) — 7w (M) is monic.

@ g (P =o04
Let N be a regular neighborhood of F U g(A). Let F, be the nonseparating com-
ponent of cl(dN — 0M) not parallel to F. Then F, is good.

ProOF. We observe that cl(dNV — M) has at most three components and
that one of them say F; must not separate M. Note that x(F,) < x(F). If F,
is not incompressible there is a disk D embedded in M such that D N F; = aD.
Using D and F,, we can find a surface F, properly embedded in M that does not
separate M so that x(F,) > x(Fy) = x(F). Since m,(M) = 0, F, cannot be a
2-sphere. As in the proof of Lemma 5.1, the existence of F, guarantees the
existence of a good surface F5 such that x(F5) > x(F). This is a contradiction.
Thus F, is incompressible. Similar arguments show F, is boundary incompressible.
Lemma 5.2 follows.

A connected, closed 2-manifold K that is the union of a collection of
annuli 4; fori =1, ..., n such that each component of 4; N Aj is a boundary
component of 4; and of 4; for 1 <i <j <n is known to be either a Klein
bottle or a torus. In Lemma 5.3 below we show that a map f: K — M construc-
ted in a particular way is essential.
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LEMMA 53. Let F be an incompressible surface properly embedded in a
3-manifold M such that m,(M) = 0. Let K be the union of a collection A, . . .,
A, of annuli such that each component of A; N A ; is a boundary component of
A andA,-for 1<i<j<n Supposef: K—> M is a map such that

1) f—l(F) = U?:laAr

(2) flA;: (4, 94)) — (M, F) is not homotopic rel 94, to a map into F
fori=1,...,n

(3) There is an essential simple loop \, in K — \J_ A, such that f(A;)
is essential in M.

Then f,: m,(K) — =, (M) is monic.

PrROOF. Let A, be a simple loop on K that meets each component of
UJL,04; U, in a single point and crosses that component at the point of inter-
section. Now each element ¢ € m,(K) is represented by a loop on A; U A,.
Suppose 0 € m,(K) and f,(0) = 1. Then there is a map ¢: S' — K such that

1) BEH) =o.

(2) $(SHCA UN,.

(3) #S?) is not homotopic in K to a map ®y: st — A; U A, such that
¢7 1(\U194,) contains fewer points than ¢~ (UL ,94,).

If the cardinality of ¢~ (| ,04,) is zero, ¢(S') is homotopic to a mul-
tiple of A; and since f(A,) is essential, [¢(S*)] = 1 € 7, (K). Otherwise fo: S
— M is an essential map.

Let D be the unit disk so 30 = S! and &: D — M a map such that $|3D =
fo. After the usual argument we may suppose that &~ (F) is the union of a
collection of arcs properly embedded in D since F is incompressible. But we can
find B; C & !(F) such that B, cuts off a disk D; on D so that D; N &~ !(F) =
By. Let B, be 3D, —B,. Now ¢(8,) is homotopic to a spanning arc of A; where
J is some integer such that 1 <j <n. It can be seen that f¢(8,) is homotopic
rel its endpoints to ®(8,) across ®(D,). It is a consequence of Proposition 3.3
that f|4; is homotopic rel 34 ; to a map into F. This contradicts our hypotheses
on f and we conclude ¢ = 1 and f, is monic. This completes the proof of
Lemma 5.3.

LEMMA 54. Let M be a 3-manifold such that m,(M) = 0 and dM is incom-
pressible and let f: T — M be a W-essential map. Then there is an essential em-
bedding g: (A, 04) — (M, oM).

PROOF. Since f is W-essential there is an element o € m,(T) such that f,(0)
has a representative loop / that is freely homotopic to a loop in M. Let A; and
A, be simple loops on T that meet in a single point and cross at that point. Now
0 =ky[A ]+ k,[A;] where k, and k, are integers. Let (T, q) be the finite
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sheeted covering space of T associated with the subgroup of m,(T) generated by
[A;] and k,[N,]. Then (fg),: nl('f) — @, (M) is one-one and there is a simple
loop p on T such that [gu] = 0. Since ! is homotopic to a loop in 0M, fg is
homotopic to a map f;: T — M such that fi(w) C oM. Now f, induces a map
fi: (4, 34) — (M, f,()) in a natural way. If f; is not an essential map,
fi: (4, 34) — (M, dM) is homotopic rel 34 to a map into dM by Proposition
3.3. It follows that each representative of f,[A,] is freely homotopic to a loep
in M. Thus we may suppose that f(A\;) C oM. But then f induces a map
fy: (4, 94) — (M, dM) in a natural way and f, must be essential since f was not
homotopic to a map into @M. An application of Theorem 2 completes the proof
of Lemma 5.4.

Let F be a good surface in M. The next three lemmas will be used in the
proof of the torus theorem in showing that if f: T —> M is an essential map, we
may suppose that f is not homotopic to a map f; such that f ,‘I(F) is empty.

LEMMA 5.5. Let M, be a submanifold of the 3-manifold M and M, in-
compressible in M. Let g: T — M, be an essential embedding. Then g(T) is
essential in M.

PROOF. Since dM, is incompressible, it is a consequence of standard geo-
metric arguments that «, (M,) — m,(M) is monic. Thus g(T) is incompressible
in M. Let A be a loop on g(T). Suppose f: A — M is a free homotopy of A to
a loop in M. After the usual argument, we may suppose that f~ YoM 1) is the
union of a collection of disjoint, simple essential loops. But then A is freely
homotopic to a loop in @M;. It follows that g is an essential map. This com-
pletes the proof of Lemma 5.5.

LEMMA 5.6. Let M be an irreducible 3-manifold. Let g: (4, 04) —
(M, OM) be an essential embedding. Let f: T — M be an essential map such that
there is no map f, homotopic to f so that f fl(g(A)) is empty. Then M admits
an embedding h: T — M such that h, is monic and h is not homotopic to a map
hy such that hy(T) N g(A) is empty. In fact h™"g(A) is the union of one, two,
or four disjoint simple essential loops.

ProOF. We may assume that f~!(g(4)) is a collection of disjoint simple
loops after a general position argument. We suppose that f has been chosen so
that £~ (g(4)) contains as few loops as possible. Suppose some loop A in
£~ 1(g(A4)) is inessential. Then f(A) is nullhomotopic on g(4). Let D be a regular
neighborhood of the disk on T bounded by A. Then we can find a map fy: T —
M such that f; |T = D = fIT — D and f,(D) N g(4) is empty. Since m,(M) =0,
f and f, are homotopic. Thus the existence of f; contradicts our choice of f
and we suppose that each loop in £ ~1g(A4) is essential.
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Let Ay, ..., A, be the closures of the components of T - f~ 1g(4). Let
R be a regular neighborhood of g(4). Let M, be the manifold obtained by split-
ting M along g(4) and P: M; — M the natural map.

Suppose that f{4,) meets both components of R — g(4). We apply the
theorem in [14] to find an embedding ,: (4, 84) — (M,, P~ 'g(4)) such that
hy(34) meets both components of P~ 1(g(4)) and h, » is monic. We may suppose
that Phy(c,) = Phy(c,). Then Ph, defines an embedding h: K — M where K is
a closed surface of genus 1. Since &, |« is not homotopic rel da to a map into
P~1g(A), it follows from the argument given in the proof of Lemma 5.3 that
hy: 7 (K) — 7, (M) is monic. If K is a torus we let h = h. Otherwise the
boundary of a regular neighborhood N of A(K) is a torus embedded in M since M
is orientable and AV must be orientable. Since , is monic, m; (ON) — m, (M) is
monic and any embedding #: T —> oN has the desired properties. Thus we may
suppose that f{4;) meets a single component of R —g(4) fori=1,...,n.

If n = 1, f is homotopic to a map f; such that f,(T) N g(4) is empty; so
n 2> 2. We may suppose that f{4, U A,) meets both components of R — g(4).
Let M, and P be as above. Let h;: (4;, 34,) — (M,, P~"g(4)) be the maps
induced by f forj = 1, 2. Then h,- is not homotopic rel aA,. to a map into
P lg(A) forj=1,2. Let o; be a spanning arc of 4, forj =1, 2. It is a conse-
quence of Theorem 2 that there exist embeddings g;: (Ai’ 04;)— My, P~ 1(2(4)))
that are P~ 1g(4)-essential and gj(A;) meets the same component of P~ 1(z(4))
as does hi(Ai) forj =1, 2. We suppose that g, and g, are in general position
with respect to one another. Then g,(4,) N g,(4,) is a collection of simple
loops. We can remove any inessential loops by surgery. If any loops remain we
can find an embedding g: (4, 34) — (M,, P~1g(A4)) such that g, is monic and
2(34) meets both components of P~1g(A4). In this case we obtain the desired
result as above. Thus we may suppose that g,(4,) N g,(4,) is empty and that
Pgy(34,) = Pg,(d4,). Now Pg,(4,) U Pg,(4,) induces an embedding h: K —
M where K is a surface of genus 1. Since g; is P~ 1¢(A4)-essential forj = 1, 2,
hy: 1 (K) — (M) is monic by Proposition 3.2 and Lemma 5.3. One now
finds the embedding h: T — M as above. This completes the proof of Lemma
5.6.

LEMMA 5.7. Let f: T — M, be an essential map. Let M, F;CM,
U(F,-) C M; be a special hierarchy of M, with respect to f. Let k be the smallest
integer such that for every map f| homotopic to f, if f;(T) C My, f{(T) N F, is
not empty. If M, admits an essential embedding g of A or T, M, admits an
essential embedding of A or T.

PROOF. Suppose g: T —> M, is an essential embedding. Since F} is not
a disk and M, is incompressible in M, , it is a consequence of 5.5 that g(T) is
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essential in M,. Thus we may suppose that g: (4, d4) — (M, 9M;) is an essen-
tial embedding. We may suppose f{T) C M,. Since g(4) could have been chosen
as Fy, g(4) N AT) is not empty. We may suppose that f ~1(g(4)) is a collection
of simple essential loops.

Suppose A is one of these loops and f(A) is freely homotopic to a loop in
oM,. Then f: T — M, is W-essential and M, admits an essential embedding of
an annulus by Lemma 5.4. Otherwise, we can find an embedding A: T — M,
such that h,, is monic and AQA) C g(4) is freely homotopic to g(c,) in g(4) by
Lemma 5.6. Note that A(A) is not freely homotopic to a loop on dM, since f(\)
is a multiple of #(A). It follows that h: T —> M, is essential. This completes
the proof of Lemma 5.7.

LEMMA 5.8. Let F be a surface properly embedded in M. Let f: (A, 04)
—> (M, 3M) be a map which is transverse with respect to F such that f~'(F) is
a collection of simple loops essential in A. Then we may assume that any em-
bedding g: (4, 0A) — (M, dM) constructed via a tower argument from f meets
F in a collection of disjoint simple loops and that there is a fixed finite number
of possibilities for g(A) N F up to ambient isotopy in F. Furthermore the num-
ber of these possibilities is determined by the set ff ~(F).

ProoF. The proof of Lemma 5.8 is similar to that of Lemma 4.6 in [5]
and we omit it.

LEMMA 59. Let F be an incompressible surface in 0M and F, a planar
submanifold of F such that w(F,) — w(F) is monic and x(Fy) = —1. Let
f: (4, 94) — (M, F) be an F-essential map such that

(1) flcy) CF, and f(c,) C F - 0F,.

(2) flc,) is not freely homotopic on F to a multiple of a loop in dF,. Let
A be a component of OF,. Then there is an F-essential embedding g: (A, 94) —
(M, F) such that

1) &) =2

(2) gl(c,) lies in any prespecified neighborhood of f(c,).

PROOF. Let (M*, p) be the covering space of M associated with 7, (F) C
m,(M). Let F be a component of p~1(F) such that p|F is a homeomorphism.
Let f;: (4, 94) — (M*, 3M*) be a map such that pf; = fand f(c;) CF, =
p~'(F;) N F. Since f(a) is not homotopic rel its boundary to an arc on F and
,(F) — m,(M*) is an isomorphism, f; (c,) does not lie on F. It is a consequence
of Theorem 3 that there is an embedding g,: (4, 34) — (M*, dM*) such that

(1) 2,(c,) is freely homotopic in F to F N p~'Q\).

(2) 2,(c,) lies in any prespecified neighborhood of f; (c,).

After a homotopy, we may suppose that g,(c;) = FNp~'QQ). Letg, = pg,.
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Then g,(c;) = X and g,(c,) lies in a neighborhood of f{c,). Now the arc g,(c)
is not homotopic to an arc on F since the components of g,(3a) lie on distinct
components of p~(F). Lemma 5.9 can now be seen to be a consequence of
Theorem 2.

LEMMA 5.10. Let M be an irreducible 3-manifold with incompressible
boundary. Let F be an incompressible, boundary incompressible planar surface
properly embedded in M such that x(F) = —1. Let f: T — M be an essential
map such that

(1) f~(F) is a nonempty collection of disjoint simple essential loops.

(2) fis not homotopic to a map f,: T —> M such that f7 ' (F) contains
fewer components than f~*(F) and f 1 Y(F) is the union of a collection of dis-
Jjoint simple loops.

Then there is an essential embedding g: (A, 94) — (M, oM).

Proor. If fis W-essential, Lemma 5.10 is a direct consequence of 5.4.
Otherwise let ,, . .., A, be the components of f —1(F). Since fis S-essential,
fQ\,)) is not freely homotopic in F to a loop in dF. We suppose that the closures
of the components of T — {JI. A, are denoted by 4,, ..., 4,.

Let R be a regular neighborhood of F. We divide the proof of Lemma
5.10 into two cases:

Case 1. f(A,) meets both components of R — F.

Case 2. f(A,) meets only one component of R — F.

We now proceed with the proof of Case 1.

Let M, be the 3-manifold obtained by splitting M along F, f: 4 — M, be
the map induced by f|4, and P: M; — M the natural projection map from M,
onto M. Let F; be the component of P~ 1(F) such that flc)) C F; forj = 1, 2.
Note F; # F,. Let (M 1» P) be the covenng space of M, assoclated with 7, (F;)
Cm,(M,). We may suppose that fa— M is a map such that pf =F Let
Fi be the component of p~ l(Fj) on which f(c,) lies for j = 1, 2. We may assume
that pIF is a homeomorphism. Let G be the component of E)Ml which contains
Fl.

We claim that if every component of 8?7'1 is freely homotopic in G to a
loop in T"'z, Mn is homeomorphic to F x [0, 1].

Let /,, 1,, and I; be the components of a?r,. Suppose A: I, x [0, 1] —
G is a free homotopy of /; to a loop in Fz . We may suppose that h“la(ﬁ1 U ﬁz)
is a collection of disjoint simple loops u,, . . ., u,, and A(u,) =/,. We may
assume that & has been chosen so that m is minimal. Then ; is an essential loop
inl, x [0, 1] asis h(u;) in G. We observe that aﬁz is composed of disjoint
simple loops and a number of copies of the real line. It can be seen that h(u,)
must lie on one of the simple loops. Since any arc in M ; With its boundary on
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ﬁl is homotopic rel its boundary to an arc on ﬁl and since 112(}17!1) = 0, one can
deform any free homotopy of pairs of loops in ﬁl until the free homotopy lies
in ﬁl . Since no pair of boundary components of ?l are freely homotopic in 77"1,
no pair of boundary components of TV'I are freely homotopic in G. Thus it can
be seen that we may suppose that h(u;) does not meet ﬁl fori=1,...,mand
1, is freely homotopic to a power of a boundary component A(u,) of ﬁz. Note
h(u,) is an essential loop in E and /; U h(u,) bounds an annulus embedded in G.

Suppose that /,, /,, and /5 are freely homotopic in G to loops in Fz Then
we can find disjoint simple loops u,, u,, and u4 in an such that u; U J; bounds
an annulus A embedded in G forj =1, 2, 3. Since F is connected we can find
disjoint s1mple arcs a,; and a, properly embedded in F2 U Al U A2 v4 3 such
that

1) o N Fz is an arc properly embedded in ﬁz forj=1,2.

(2) a; meets both /; and /,.

(3) a, meets both /; and /5.

Note that a; meets u, and p, and o, meets u; and uy. We observe that @, and
a, are homotopxc rel their boundaries to arcs on F since the natural map 1rl(F )
— nl(M ) induced by inclusion is onto. It is a consequence of the proof of the
loop theorem [12] that there are disjoint disks D, and D, properly embedded in
M such that D; N F is a simple arc properly embedded in F and D, N (G -

F D= mt(a) for j=1,2. We observe that F -0, VUD,)is sxmply connected.
LetlC mt(Fz) be a boundary component of a regular neighborhood of u, U

By Vs U, Vay)N Fz) Now ! lies in the complement of D, U D, and
there is a free homotopy of / to a loop in F 1~ It can be shown that this free
homotopy can be assumed to lie in the complement of D; U D, using an argument
similar to one given above. It follows that / is inessential in M ;- Since F is in-
compressible in M, ﬁz is incompressible in M ;- Thus [ is null-homotopic on ﬁz
and / bounds a disk on F,. It follows that F', is homeomorphic to F. Let B be
the manifold obtained by removing the interior of a regular neighborhood of

D, U D, from 1171. Then one component of B is a 2-sphere. Since ﬂz(ﬁl) =0,
B is a homotopy 3-cell. It can now be seen that p: 1171 — M, is a homeomor-
phism and that Jl~4 is homeomorphic to F x I This establishes our claim.

We suppose that M is not homeomorphic to F x [0,1]. Asa consequence
of our claim above, it follows that we may assume that the loop /; in BF is not
freely homotopic in G to a loop in F2. It is a consequence of Theorem 3 that
El;le existence of f: 4 — 117, guarantees the existence of an embedding E;: A—
M, such that

) gl(c) CF forj=1,2.

) gl (c))is freely homotopic to /;.
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Q) El*: m,(4) — ﬂl(F}) is monic. -

Since g,(c,) :s simple, we may assume that g,(c,) =1/,. Since plﬁl is a homeo-
morphism, pg, l¢, is a homeomorphism.

If pg,(c,) is freely homotopic to a loop in dF,, we assume that pEl(cz) c
OF, and will show below that PpEl: (4, 34) — (M, 3M) is an essential map. In
this case Lemma 5.10 is a consequence of Theorem 2.

If P},;'l (¢c,) is not freely homotopic to a loop in dF,, we replace p?l by
another map and proceed as has been indicated above.

Suppose pEl (c,) is not freely homotopic in F, to a loop in dF,. Let
(M,, q) be the covering space of M, associated with m,(F,) C w,(M,). Letg;:
A — M, be a map such that g2, = pg,. Let F; be the component of ¢~ ()
such that g, (¢;) C F; for j =1, 2. Let G be the component of 3M, which con-
tains F,. We may suppose ¢|F, is a homeomorphism. The proof of Lemma
5.10 is the same in case M, is homeomorphic to F, x [0, 1] as it is in case Ml
is homeomorphic to ﬁx x [0, 1]. It follows from the claim above that we may
assume some component p, of dF, is not homotopic in G to a loop in 3F,. As
above by Theorem 3, we can find an embedding g,: 4 — )Wl such that

1) &) =n,- _

(2) 2,(c,) lies in a small neighborhood in M, of g,(c,).

(3) Z4: m,(4) — m, (M) is monic.

Since g,(c,) is simple, its neighborhood may be taken to be an annulus and we
assume g,(c,) = £,(c,). Now q|F, and q|g,(c,) are homeomorphisms so

qg, |94 is an embedding and thus Pgg,(d4) C dF. Clearly we may as well sup-
pose Ppg, (04) C OF. Let h = Ppg,: (4, 34) — (M, 3M). We claim h is an
essential map.

If not, the arc () is homotopic rel its boundary to an arc in OM. Since
0M is incompressible and m,(M) = 0, h is homotopic rel 94 to a map hy: 4 —
oM by Proposition 3.2. Let H: A x [0, 1] — M be a homotopy such that

(1) H(x, 0) = h(x) for x € A.

(2) H(x, 1) =h,(x) for x € A

() H(x,)=h(x)forxE€d4 and t € [0, 1].

After a general position argument, we may suppose that H ~1(F) is an incompres-
sible surface properly embedded in 4 x [0, 1]. We suppose that &, has been
chosen so that the number of components in & *(F) is minimal. We observe that
H~!(F) must be a disjoint union of disks and annuli. Suppose D is a disk in
H~Y(F). Since h~1(F) =034, DN 3 x [0,1]) CA x {1}. Of course H(3D)
lies on one component of dF. Since F is incompressible, it can be seen that A,
was not chosen so that the number of components in hl“(aF) would be minimal.
Suppose A, is an annulus in H ~1(F)-204 x [0, 1]. Then both components of
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H(3A4,) lie on oF. Since H(A,) C F and each component of 94, is an essential
loop in 4 x [0, 1], H|A, is homotopic rel 94, to a map into 3F. Thus we may
suppose that H(4,) C oF. Note that 4, divides 4 x [0, 1] into two solid tori,
and that the restriction of H to the one of them which meets 4 x {0} defines a
homotopy of & to a map h,. It can be seen that the number of components in
h;1(F) is one less than that of k' (F). It follows that the best possible choice
for h, was not made. We conclude that H~!(F) = 34 x [0, 1].

We may now consider H as a map into M,. Since H can be lifted to a map
H: A x [0, 1] ——>Ml, we see that gl(cl) is homotoplc to g,(cz) in aM This
contradicts our hypothesis that /; was not freely homotopic in G to a loop in F2
and our claim is established.

In this case Lemma 5.10 follows from Theorem 2 above.

Suppose that M is homeomorphic to F x [0, 1]. Since the natural | map
from m, (F ) into m, (M ) induced by inclusion is an isomorphism and p: M —
M, is a homeomorphism, it is a consequence of Theorem 3.1 in [1] that there is
a homeomorphism 6: F x [0, 1] — M, such that

1) 6(F x [0,1])=M,.

(2) 6(F x {0}) =F,.

@) 6F x {1})=F,.

Now h —PIF is a homeomorphism forj =1, 2. Letp,: F x {0} — F x {1}
be the homeomorph1sm defined by p, =0~ lh2 1p 10. Let p: F — F be the
homeomorphism defined by p(x) =y if p,(x, 0) = (y, 1). Let B, be a simple
separating arc properly embedded in F. We require that neither component of
the complement of B, is simply connected. Let B, = p"B, for n a positive in-
teger. Then it can be seen that there exists an integer k such that 8, and B, are
homotopic under a map H: [0, 1] x [0, 1] such that

(1) H(0, 1] x {0}) = B

(2) H([0, 1] x {1}) = B;.

(3) H({0, 1} x [0,1]) CoF.

One then defines an essential map g,: (4, 94) — (M, dM) as follows: Let

x [0,1] fori=0,...,k-1. Let D, = [0, 1] x [0, 1]. Note that
P()(U,!‘;ol D;) together with H(D,,) C F defines a map g,: (4, 94) — (M, oM) in
a natural way. Furthermore this map is essential since it is a consequence of
Lemma 3.1 that P9(8, x {0}) is not homotopic rel its boundary to an arc in
oM for F is boundary incompressible in M.

We may now suppose that f(4,) meets only one component of R — F. We
again let M, be the manifold obtained by splitting M along F. We define P, F,,
and F, as above. Now f|4, induces a map A — M, and we may suppose
that f(d4) C F,. We observe that it is a consequence of Proposition 3.2 that
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(@) is not homotopic rel f(da) to an arc in F, since m,(M) = 0 and f|A, is not
homotopic rel 94, to a map into F. Let (Mx' p) be the covering space of M,
associated with m, (F ) CmM,). Let F , bea component of p l(F ) such that
pIF % is a homeomorphlsm Then there is a map f A— M such that pf =f
and f(c,) C Fl Let F2 be the component of p~}(F 1) on wh1<:h f(cz) lies.

Note that if ?'41 = Fz, (o) is homotopic rel its boundary to an arc in T;"l and by
Proposition 3.2, f'is homotopic rel 34 to a map into ﬁl. This would contradict
condition (2) in the statement of the lemma.

As above we may suppose that some component /; of 3?1 is not freely
homotopic in aﬁi, to a loop in ﬁz for otherwise M g is homeomorphic to E X
[0, 1]. We can apply Theorem 3 to find an embedding fl A — Ml
such that fl(cl) =1, and fl(cz) Cc F2 Thus pfl(cl) CoF,. If pfl ley: ey —

F, is not an embedding, we reverse the roles of ¢, and c, as above to obtain an
embedding E A— 1‘71 such that

6)) plec is an embedding forj = 1, 2.

?) pfz(aA) c Z)Fl

3) Q(cz) CF,. 1° -

(4) f5(c,y) does not lie on F,.

®) ﬁ(cl) is not freely homotopic to f;(cz) in 81171 .

Leth = pr; We claim that A is an essential map. Suppose that A(c) is
homotopic rel its boundary to an arc in dM. Since M has incompressible bound-
ary and m,(M) = 0, there is a map H: A x [0, 1] — M such that

(1) H(x,0) = h(x) forx € A.

(2) HA x {1}) C oM.

() H(x,t)=h(x)forx€d4 and t € [0, 1].

We suppose that H has been chosen so that H~!(F) is a system of incompressible
surfaces in 4 x [0, 1] and H~(F) contains as few components as possible. One
sees as above that H~1(F) = 34 x [0, 1]. But then 'f; is homotopic rel 84 to

a map into aﬁ, . This contradicts our construction of ff; Thus A is essential and
the proof of Lemma 5.10 is completed by an application of Theorem 2 above.

LEMMA 5.11. Let F be a good surface and f: T — M an essential map.
Let N be a regular neighborhood of F. Suppose

(1) f~Y(F) is the union of a nonempty collection of simple loops.

(2) fis not homotopic to a map f: T — M such that {1 (F) is the union
of a collection of simple loops and f~ (F) contains fewer components that f = (F).

(3) The f image of each component of T —f~ l(F) meets both components
of N-F.

Then there is either an essential map f,: K — M where K is either a torus
or Klein bottle such that the restriction of f, to each component of f ;‘(F’) and
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each component of K — f II(F) is a homeomorphism or an essential embedding
g: (4, 94) — (M, aM). If the former is the case, f T (F) is not empty.

PROOF. As a consequence of Lemma 5.10, we may assume that F is not
the planar surface with three boundary components. It follows from Lemma 5.4
that we may assume that for each loop X in f ~(F), f(A) is not freely homotopic
to a loop in OF.

Let M|F be the 3-manifold obtained by splitting M along F. Let P: M|F
—> M be the natural projection map. Let F! and F? be the components of
P~(F). Let M, be homeomorphic to M|F and F} and F} be the copies of F!
and F? respectively in oM, for i an integer. Let (117, p) be the infinite cyclic
covering space of M obtained from ;e _ . M; by identifying F} and F7 | for i
an integer. We denote the image of F} under this identification by F; are are
careful to define the identification so that the natural projection map from M-
U~ _ . F; to M can be extended to the covering map p: M—M. Let (’7\", q) be
the infinite cyclic covering of T associated with some simple essential loop in
f~Y(F). Then there is a map f: T —> M such that pf = fg.

Let N, be the submanifold of M bounded by F, and F; for each positive
integer i. Then Vi ‘I(Ni) is an annulus A4, such that ﬁaA ;) meets both F, and F;.
It is a consequence of Lemma 5.8 that an annulus embedded in N; constructed
via a tower argument from the map ﬁAi can meet F/ in only finitely many ways
up to free homotopy since f{4,) N F; Cp~'(f(T) N F) where 0 <j <i. Of
course the number n,, determined by f(T) N F is independent of both i and j
above. Letn =2ng +2. Letf, =fld,: 4, —N,.

It is a consequence of Theorem 3 that we can find an embedding g,,:

(4,,, 94,)) — (N,,, 3N,) such that one component of ,,(34,,) is not freely homo-
topic in Fy U F,, to a loop in d(F, U F,,) since F is not the planar surface with
three boundary components. Suppose a loop A in g;l(U;';llFi) is inessential
on A,. Then g,(A) bounds a disk in U}'; llF, and it follows from standard argu-
ments that g, can be modified to obtain a map g,ll: A,,04,) — (N,, oN,)
which agrees with g,, on all essential loops in g * (U7, F) so that g;(4,,) N
UL, F, contains fewer loops than does g,(4,,) N Ui F;. It follows that we
may suppose that all loops in g,','l(U;’___oFi) are essential in A,,. After a general
position argument we may suppose that g,(A4,,) crosses F; at each loop in g,(4,)
NF,.

Let X be a loop in g7 ! (F,) for 0 <i <n. Then by Lemma 5.1, pg, () is
not freely homotopic in F to a loop in dF since F is good and pg,(4) shows that
pg, (N is freely homotopic in M to a loop in F which is not freely homotopic in
F to a loop in dF.

We observe that n has been chosen so large that there are integers k, I, m
such that
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(1) 0<k<I<m<n.

@) P@,(A,) N Fy) = p@,(4,) N F) =p@,(4,) N F,,).

Thus there are distinct loops A, \,, and A; on 4,, such that pg,(A;) = pg,(\;)
= pg,(A\3) and gn()\i) CF,UF, UF,, forj=1,2,3. We may suppose that
A; lies between A; and A, on 4,,. Let B; be the annulus on 4,, bounded by

)\1 U, forj=1,2and By = B; UB,. Let R be a regular neighborhood of F
in M. It follows from a simple argument that there exists a j = 1, 2, or 3 such
that the image under pg,, of every neighborhood in B; of bB, meets both compo-
nents of R — F. We suppose that this is the case for B, .

Let uy, ..., i, be the components of g; (U= 'F) NB,. Let C,, ...,
Cp, 1 be the closures of the components of By — UL, u;. If £,(3C)) lies on a
single component F; of p~1(F) and g,IC;: (C;, 3C) — o, F;) is homotopic
rel aC; to a map into F;, we can replace g, by an embedding g},: B, — M such
that g,|0B, = g11dB, and g}(B,) N U ,F; contains fewer loops than does
g,(B;) N Ui oF;- Thus we may suppose that g,|C;: (C;, 9C) — o, F}) is not
homotopic rel 3C; to a map into F; since the components of g,(3B,) lie on
distinct components of p~ 1 (F).

Let - K — M be the map induced by pg,: B, — M. By construction the
restriction of f to each component of K — f~1(F) is an embedding. We will show
that fiis essential.

Let A be any simple loop in £~ 1(F). Then f(\) is an essential simple loop
on F that is not freely homotopic to a loop in 0F by construction. Since F is
good, f(A) is not freely homotopic to a loop in 0M. It follows from Lemma 5.3
and the construction of f that fi: m,(K) — m,(M) is monic. Thus f’is essential
and the proof of Lemma 5.11 is complete.

LEMMA 5.12. Let M be a connected, irreducible 3-manifold such that oM
is incompressible. Let K, be a closed connected surface such that x(K,) = 0.
Let F, be a good surface in M that is not the planar surface with three boundary
components. Let f: K, — M be a map such that

1) fo: 7 (Ky) — 7y (M) is monic.

Qf 'l(Fl) is the union of a collection of disjoint simple loops.

(3) Thereisaloop A C f “‘(Fl) such that f(Q)) is not freely homotopic in
F, toaloop in oF,.

(4) The components of K, — f 'l(Fl) are open annuli whose closures we
denoteby Ay, ..., A,.

(5) flA,) meets only one component of R — F, (where R is a regular
neighborhood of F in M).

(6) flA, is not homotopic rel 94, to a map into F, fori=1,...,n.

(7) fis not homotopic to a map f, such that f ,"(Fl) contains fewer loops
than does f~1(F,).
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Then there is a closed connected surface K such that x(K) = 0 and an
essential embedding f- K — M such that [ "I(Fl) contains an essential simple
loop A so that f(A) is not freely homotopic in F, to a loop in oF,.

PROOF. Let g;: (4, 94) — (M, F,) fori=1, ..., m be a maximal col-
lection of pairwise disjoint F; -essential embeddings such that

(1) U2 ,g(A) meets only one component of R — F,.

(2) Neither g/(c,) nor g;(c,) is freely homotopic in F; to a loop in 9M,
fori=1,...,m.

(3) &(A) and g{(A) are not parallel rel F,; for 1 <i<j<m.

The existence of this collection, in particular its finiteness is guaranteed by the
theorem on p. 60 in [15]. Let R, be a regular neighborhood of U7, g,(4) U
F,. Let M, and M, be the closures of the components of R, — F;. We may
suppose that M, is homeomorphic to F; x [0, 1]. Since F; does not separate
M and [cl(dM, - F,)] is homologous to [F,], there is a component of aM; N
int(M) whose closure fails to separate M. We denote the closure of this compo-
nent by F,. It can be seen that x(F,) = x(F;). It is a consequence of repeated
applications of Lemma 5.2 or of the proof of Lemma 5.2 that F3 is good. Thus
X(F,) = x(F,)- Now if T is the closure of a component of M, — (M U F; U
F,) it can be seen that x(T,) = O since x(3M,) = 2*x(F,) and T, # S2.

Let R, be a regular neighborhood of 2, g,(4) in M,. Let ; be a span-
ning arc of 4; fori =1, ...,n. Since f|A; is not homotopic rel 34, to a map
into Fy fori=1,...,n, f(e) is not homotopic rel its endpoints to an arc in
F, fori=1,...,n by Proposition 3.2.

Suppose that L2 £/(4) U f{4;) meets only one component of N — F;.
We claim that f is homotopic to a map f;, under a homotopy constant outside of
a neighborhood of Ai’ such that

M) F7IE) =F1Fy).

() FTYUE 18,34)) N 4; is empty.

We need only show that there is a homotopy A,: (4;, 34;) — (M, F\)forte
[0, 1] such that

(1) hy =114;.

(2) hy(04;) N U ,8/04) is empty.

After a general position argument, we may suppose that Ay l(U;"= 18;(04))
is a finite set. We assume also that there is no map h,(4;, 34;) — (M, Fy)
homotopic to hy: (4;, 34;) — (M, F,) such that h (U™ 1£,(34)) contains
fewer points than kg ' (U7 ,£,(34)). After a general position argument, we may
assume that kg 1 (UL ,8,(4)) = J is a collection of disjoint simple arcs and loops
properly embedded in 4;. We assume also that if #, is homotopic to A rel aA,,
k7' (U 1£4(A4)) contains no fewer components than J.
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Suppose that A C J is a nullhomeotopic simple loop on A;. Since hy(QQ) is
nullhomotopic in U2 ,£,(4), we can modify s on a neighborhood of the disk
bounded by A to obtain a map A, , homotopic to A, rel 94;, that contradicts our
choice of hy. Suppose there is an arc f; C J having both its endpoints on a single
component of aA,. Thus there is an arc , C aA, such that 8, U 8, bounds a
disk D on A;j. We observe that hy(8,) is homotopic rel its endpoints to an arc in
UiZ 18,(94) and thus kg (B,) is homotopic rel its endpoints to an arc in
UiZ18:(@4). Thus it can be seen that h is homotopic to a map 1 as above,
such that 47! (U7 1£,(34)) contains fewer points than k5 (U7 ,£,(34)). This
contradicts our choice of h, and we conclude that either hy ’(U;’; 18/(04)) is
empty as was to be shown or J is a collection of disjoint spanning arcs of A;. In
the latter case it is not difficult to show that after a homotopy we may suppose
that sy (J) is a nonempty collection of disjoint simple spanning arcs on some of
the g(4) fori=1,...,m.

Suppose hy(J) does not lie on one component of (JJZ,8(4). Let D be the
closure of a component of A; —J. We may suppose that ho(D N J) does not lie
on a single component of (JZ,g,(4). It is a consequence of the proof of the
loop theorem [12] that there is an embedding 4: D — M such that A(D) N
U 18:4) = hy(D) N Ui 18:/4) and k(D) N (F, U U:’; 18(4)) = h(@dD). We
suppose that A(D) N g,(4) and A(D) N g,(4) are nonempty where 1 <r <s<m.
We will show that g,(4) and g,(4) are parallel. We suppose that #(D) is in general
position with respect to 0M,. Then (D) N 3M, may be taken to be a simple
loop A. If A lies on F,, X is homotopic to a point on F, since F, is incompres-
sible in M. It follows that A(D) could be taken to lie in M, . This is impossible
since the retraction of M, to F; U U, g,(4) would yield a retraction of (D)
to h(dD).

Thus A must be on a toroidal boundary component T, of M,. Note that
T, is a torus and that g,(4) U g(4) together with two annuli on F, form a com-
pressible torus. Let U be a regular neighborhood of T; U h(D). Then one com-
ponent of Ul is a 2-sphere; and since M is irreducible, it can be seen that T,
bounds a solid torus in M. Since this solid torus meets oM, only in T, it can
be seen that g,(4) and g,(4) are parallel rel F;. Thus we may assume that k()
lies on g, (4).

Let /1, be a regular neighborhood of F, U g, (4) in M,. Let F, be a com-
ponent of cl(0M; — (0M U F,)) that fails to separate M. By Lemma 5.2, ﬁ'z is
good in M, and thus £, is incompressible in M. Since M, can be obtained by
removing two annuli from and adding two annuli to the boundary of a regular
neighborhood of Fy in M,, aﬂl has at most two components if F, has boundary
and three components if F, is closed. We suppose that hy is in general position
with respect to 8/,. Then hy!(F,) is a nonempty collection of simple loops in
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the complement of J. Let D be the closure of a component of A; —J that meets
hg'(F,). It can be seen that D N hy ' (F,) is a single simple loop A. Since £,
is incompressible 4(A) is nullhomotopic on f’z. It follows that there is a map
hy of A; into M such that h (V) C £, and h,|(4; = ) = hql(4; = D). Thus
after a homotopy rel 04;, we may suppose that k(D) C ﬁ‘z since m,(M) = 0.

Let h = hy|D. Since there is a deformation of #, onto F, U g,(4), h is
homotopic rel 30 (J U 94 ;» if J is connected) to a map h into F,Ug,(4). It
follows from standard arguments that % is homotopic rel 3D to a map 71,: D—
F; U g,(A) such that ftl‘l(gl (34)) is a collection of disjoint simple arcs properly
embedded in D.

Suppose B, is a simple arc in A7 ! (g, (34)) properly embedded in 0. Then
B, cuts off a disk D, on D such that D, Nk (g, (34)) =B, for 9D N A7 (g, (24))
contains exactly four (or two) points. Let 8, be the closure of 3D, — ;. Then
711(62) is homotopic rel its endpoints to iil(Bl). But §, C 94; and hy(B,) is now
seen to be homotopic rel its endpoints to an arc on g,(34). This contradicts our
choice of k.

Our claim follows and we suppose that f -l(u;';,g,.(aA)) N 4; is empty for
each j such that U2 ,g,(4) U f(A;) meets only one component of N — F; where
1<j<n

Suppose that there is an integer j where 1 <j < n such that f(a;) meets
both components of N — F,. We claim that there is a map f; homotopic to f
under a homotopy constant outside of a neighborhood of 4; such that 4; N
f ;‘l(U;'ng,(A)) is a collection (possibly empty) of disjoint simple essential loops
and £71 (UL 18/4)) €~ (UR 184)).

After a general position argument, we may suppose that f "I(U;”: 1&A) N
A,; =J is the union of a collection of disjoint simple arcs and loops properly em-
bedded in A;. After a homotopy we also assume that f has been chosen so that
if f, is homotopic to f as above, the number of points in £~ (UL ,£,(34)) N 4 ;
is no greater than that in f ;‘(U;'_i.lg,(aA)) N 4;, and the number of components
in fT1(UP 1£/A4)) N 4; is not less than the number in J.

Suppose that A C J is a simple nullhomotopic loop. Then as in the proof
above we can modify f to find a map f,; homotopic to f such that the number of
components in 71U 18i(4)) N A; is less than the number in J. Since this
contradicts our choice of f, we suppose that each simple loop in J is essential.

Suppose that 8, is an arc in J. Since f{B,) lies on one of the g(4) for
i=1,...,m, f(;) meets only one component of N — F,. It follows that 9,
lies on a single component of 94;. Thus §; cuts off a disk D on 4;. Let 8, =
9D N 34;. Since f(B,) is homotopic rel its boundary to an arc in U ,£,(04),
it follows as above that there is a map f; homotopic to f such that f 'l‘l(Fl) =
F71(F,) and fT1(UR 1£,84)) N A; contains fewer points than does
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(U 18/34) N 4)). Since this homotopy can be taken to be constant on
the complement of a regular neighborhood of A;, the existence of f, contradicts
our choice of f. This establishes our claim.

Suppose f: (4, 84) — (M, F,) is a map such that f{4) N U, g(4) is
empty and fld) U U £,(4) meets only one component of R — F,. Let
F* be the closure of the complement in F; of a regular neighborhood in F,
of U™ ,8:04). Suppose that ﬂcl) is not freely homotopic in F* to a
loop in dF*, the component of F* on which f—(cl) lies is not the planar surface
with three boundary components, and f{a) is not homotopic rel its endpoints to
an arc on F;. Then we claim the collection g; fori = 1, ..., m is not maximal.

If flc;) and fic,) lie on distinct components of F*, there is an embedding
&m+1: (4, 04) — (M, F,) such that J ;";; lg,.(A) meets only one component of
R—Fy, 8y 414 M (A) — 7, (M) is monic, and g, , ,(¢,) is not freely homo-
topic in F* to a component of dF* by Theorem 3. If g,, , , (@) is homotopic
rel its endpoints to an arc in F*, g, , , is homotopic rel 34 to a map into F, by
Proposition 3.2 since 7,(M) = 0 and F, is incompressible. But then 8m+1(cy) is
freely homotopic in F; to g, ,(c,) and it follows from standard arguments that
&m+1 is homotopic in F* to a loop in dF* since each loop in dF* is essential in
F,. Clearly g, ,,(4) is not parallel to g/(4) for 1 <i < m since the loop
&m+1(cy) is not freely homotopic to a loop in 0F*. Thus 8 +1 extends the
collection {g;: 1 <i <m} and we suppose that fic,) and f{c,) lie on a single
component of F*,

We may suppose that f -l(aM, — F) is the union of two essential simple
loops since fld) N U™ ,£,(A) is empty. Since the component of F* on which
fley U e,) lies is not an annulus, A7 ~1(@M, - F,)) lies on F,. Now finduces
amap f;: (4, 94) — (M, F,) by restriction of fto the closure of the central
component of 4 — f° “(Fz). Suppose fl(a) is homotopic rel its endpoints to an
arc on F,. Since F, is incompressible and m,(M) = 0, f—1 and f are homotopic
rel 04 to a map into M. Since there is a deformation retraction of M, to
F; U U, 2,4), fis homotopic rel 34 to a map into F, UUL g/(4) and
fle,) is homotopic in F* to a loop in oF*.

Thus we may assume f; (e, ) is not homotopic rel its endpoints to a map
into F,. It is now a consequence of Theorem 2 that there is an F,-essential em-
bedding g: (4, 34) — (M, F,) such that

(1) 8(34) lies in a regular neighborhood in F, of f;(34).

@ g7'(My) = 24.

We wish to replace g by a map g,,,, ,: (4, 34) — (¥, F,) that extends the
collection of g; fori =1,...,m. We observe that there are disjoint simple loops
A; and A\, on the component of F* on which f_(cl U ¢, ) lies such that AU g(ci)
bounds an embedded annulus for j = 1, 2 because of the local product structure
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between F* and portions of dM,. After the usual argument we may assume that
these annuli are disjoint. Let g, : (4, 34) — (M, F,) be an embedding such
that g, , ;(4) is the union of g(4) and the two annuli mentioned above.

Clearly g,,, 1 : 7(4) — 7, (M) is monic. If g, ,(a) is homotopic rel
its endpoints to an arc on Fy, g, ., is homotopic rel 34 to a map into F, by
Proposition 3.2 since F; is incompressible and m,(M) = 0. Suppose that H: 4 x
[0, 1] — M is such a homotopy. Using standard techniques we may assume
H~1(F,) is an incompressible surface properly embedded in 4 x [0, 1]. Since
H™Y(F,) N34 x [0, 1]) is a pair of disjoint essential loops, H ~1(F,)is an
embedded annulus. By Proposition 3.1 in [1] this annulus is parallel to an
annulus in (4 x [0, 1]) and it can be seen that g must have been homotopic
rel 94 to a map into F,. Thus we suppose that g, . ,(@) is not homotopic rel
its endpoints to an arc in F,.

If g,, 4 1 (A) is parallel rel F; to g(A4) where 1 <j < m, there is an embed-
ding H: A x [0, 1] — M such that

(1) HA x {0)) = g,,4,(4).

(2) H(A x {1}) = g{(4) for some j where 1 <j <m.

(3) H®A x [0,1]) C F,.

But then H~!(F,) is an annulus embedded in A4 x [0, 1], and it can be seen as
above that g(4) is homotopic to a map into F,. It follows that g, , ;: (4, 34)
— (M, F,) extends the collection of g; fori =1, ..., m, and the proof of our
claim is complete.

Let F, be the closure of int(M) N aM, — F,. Let gj: (4, 34) — (M, F3)
fori=1,...,m' be a maximal collection of disjoint F;-essential embeddings
such that

(1) gA) N M, —Fy)isempty fori=1,...,m'

(2) £)(4) and g(«) are not parallel rel F3 for 1 <i<j<m'.

After an argument similar to the one given above we may assume

(1) f~Y(F, U F;) s a collection of simple essential loops,

(2 X 1) N (U2 ,8(4) v Ui— g,(aA)) is empty.

3) YU ,8(A4) and f -1 U,_ 181(4) are unions of nonempty collec-
tions of disjoint simple essential loops.

(4) There is no map f; homotopic to f such that f l“(Fl U F,) contains
fewer loops than does f~1(F,; U Fy;).

We now let Av ..., A, be the closures of the components of K, —

f ‘1(Fl U F,). Let F’l (F3) be the closure of the complement of a regular
neighborhood of U2 ,£,(04) (U,_ 18{(04)) in F; (F5). We may suppose that
fK)NF, CF, and fik,) NF; CF;. If f{4;) C M,, we may suppose that f
carries one component of 34; to F; and the other to F for 1 <j <n. Let
Ays . - - » A, be the components of f 'I(Fl U F3). We may suppose that 4; N
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Ay =Nfori=1,...,n-1and 4, NA; =},. Now if \,_; and )\, are
the components of aA, and f(\;,_; U \) lies on F,, it follows from the claim
above that f(\;_,) (fQ) is freely homotopic in F; to a loop in dF, or the com-
ponent of F; on which fQ;_,) (f\,)) lies is planar with three boundary com-
ponents. The statement above is also true if we replace F, by F;.

Let K be a closed surface of genus one of unspecified orientability. We
claim there is an essential map f: K — M such that ‘l(Fl U F;) is a nonempty
collection of simple essential loops, f17~((F, — F,) U (F; — F,)) is a homeo-
morphism, and the restriction of fto each component of K —f~1(F, UF;)isa
homeomorphism. We will construct this map by finding a sequence of (F, U F;)-
essential embeddings f}: (4, 94) — (M, (F, — F,) U (F; — F;)) for 1 <i such
that

() fZ(cz) = fiy1(cy) for 1 <.

(2) f{c,) is not freely homotopic to a loop in aM for 0 <i and fitting
together a finite sequence of these maps to form f

We may suppose that f(A; UA,) C F‘ and that for 1 <j < n the image
under f of 7\, is a simple loop whenever fO\) is freely homotopic in Fl V) F3 to
a loop in 3(F; U F;). Then there is an embedding fi: (4, 34) — (M, F,) such
that f ;‘(Mz) = 04, fl(a) is not homotopic rel its endpoints to an arc on F,,
and fj 4: m,(4) — m,(M) is monic by Theorem 2 or Lemma 5.9. If fA,) (fQA,.))
is not freely homotopic in F, to a loop in 3F,, the component of F; on which
JQ\;) (f(A,)) lies is a planar surface with three boundary components by the claim
above which allows us to extend the collection {g;: i =1, ..., m}; so we may
suppose that f; (¢, U ¢,) lies in F; — F,. Since F, is not the planar surface
with three boundary components and no loop essential in F, is inessential in F,,
we may suppose that flc,) is not freely homotopic to a loop in OF,. Thus since
F, is good, f,(c,) is not freely homotopic to a loop in M. The reader should
notice the trick that allows us to assume that f;(c, U ¢,) C F, — F, as it will
be used again below without further justification. We shall say that f; is con-
structed using f|A,. Since a regular neighborhood of A; fori =1, ..., n meets
both f "(int(Mz)) and f~1(M - M,), there is a smallest integer j such that
fO) VAN, ) lieson Fy. Let 4 = Ul,4;and g = fIA Let (3, p) be the
infinite cyclic covering of M associated with F,. Let gA— Mbea map such
that pg =g Then it can be seen that if ¥ is a component of p'l(F U Fy),

l(F) contains at most a single simple loop. Let Fl and F3 respectlvely be the
components of p~1(F, U F3) on which g{A) and g(')\,) lie. Let M, be the clo-
sure of the component of M- (F’l v F3) in which g(int(4)) lies.

It is a consequence of Theorem 3 or the theorem in [14] that there is an
embedding g: 4 — M, such that

(1) 24: m,(A) — m,(M,) is monic.
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@) PEQ) =Fi(cy).

3 p§'(7\,-) CF; -Fa-

(4 & 'p~}(F, UF,) is a collection of essential simple loops.

(5) PE(\) lies in a regular neighborhood in Fy U Fj of fQ\;) fori = 2,
oo j— L

It is a consequence of (5) above that we may suppose pg(4) N ((F, - F 1)
U (F3 — F3)) = p2(34). We next apply the theorem [14] to the map pg to find
an embedding #: A — M such that #(0A4) = pg(dA4). After the usual argument
we may suppose that

Q) »iF, v F3) is a collection of simple essential loops.

(@) N((F, - F,) U (F; - F,;)) = 4.

(3) There does not exist a map 4, homotopic to / rel 94 such that
hl’l(F 1 Y F3) contains fewer loops than h‘l(Fl U F;).

Let f, = h.

We next apply Lemma 5.9 or Theorem 2 to f |44, to find an embedding
f3: (4, 34) — (M, F;) such that

M) Fyle) = Faey):

(2) f3(a) is not homotopic rel its endpoints to an arc in F 3

(3) f3(c,) lies in a regular neighborhood in F. 3 of fAj41)-

Since f3(c,) is simple, we may replace f3 by an embedding f; satisfying (1) and
(2) above such that f;(c,) lies on Fy — F;.

Suppose we have constructed f; and f;, ;. We then use the same technique
to construct f7, , as that used to construct f; except that after we use f14,, to
construct some f;, we will need to use f|4, to construct fy, ,. Similarly after
we reuse f|A4, to construct some f;, we must reuse f|4 to construct f, ,, etc.
Note that f{(c,) and fi(c,) are simple loops freely homotopic in the closure of
(Fy - F; UF; - F;) to a component of 3(F; U F;). We suppose 73, ;4
Fi+2x> and fi ;3 are constructed using f|4,. Since f(,) is freely homotopic
in F to aloop on 8F, or the component of F; on which f(A,) lies is a planar
surface with three boundary components, some pair of loops among f-’l(cl),
Fiarle): Fiyax(cy), and £ 54(c;) must be freely homotopic. It will be seen
below that which pair is freely homotopic is not relevant so we may suppose for
our convenience that f(c,) and f; , ,(c,) are freely homotopic and, after a homo-
topy, f(c;) = f(c,). We suppose that K is the union of annuli 4,, . . ., 4,
such that A; N A4;,, = \; is a component of 04, fori=1,...,k -1 and
A, N4, =X,. We define f K — M by fld;) = f{A) for 1 <i<ksothatf
will be continuous and note that any collection of embeddings as the f; deter-
mine a singular map as f. After a small motion of f, we may suppose that
FIF7Y(F, - F)) U (F5 — F;)) is a homeomorphism.

We wish to show that fis essential. We observe that f() is freely homo-
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topic to f(c,) for 1 <iand 1 <j <k so the loop f{X;) is not freely homotopic
to a loop on 9M since F, is good. It is a consequence of Lemma 5.4 that f,:
7y (K) — (M) is monic since fj 4: 7, (4) — m, (M) is monic. Thus fis essential
and our claim is established.

We complete the proof of Lemma 5.12 by applying Lemma 5.13 below.

LEMMA 5.13. Let F be a good surface in M, K a closed, connected surface
of genus one, and f: K — M an essential map such that

(1) f~Y(F) is the union of a collection of disjoint simple essential loops
A Ap, .., N, Wheren 22,

@) 0y) 0 UL, fQ\) is empty.

(3) fIN, is a homeomorphism fori =1, . .., n and fQ\,) is not freely
homotopic on F to a loop in oF.

(4) The closures of the components of K —\Ji— | \;areannuliA,, ..., A,.

(5) flint(4,) is @ homeomorphism.

(6) f: (A;, 04) — (M, F) is an F-essential map.
Then there is a closed connected surface K, of genus one and an essential em-
bedding g: K, — M such that &~ 1(F) is a nonempty collection of essential loops
AL, ..., Ay, and g(\Y) is not freely homotopic on F to a loop in dF.

PROOF. Let X(f) = U,4;,1 <i<j<n(fO) N Q). We assume that f has
been chosen so that

(a) f satisfies conditions (1)—(6) above.

®) fA) NAY N Q) isempty if 1 <i<j<k<n.

(c) if f; is homotopic to f and satisfies conditions (a) and (b) above, the
cardinality of X(f) is less than or equal to that of X(f)).

It follows from standard arguments that X(f) is a finite set. We claim X(f)
is empty.

After a homotopy that keeps f~!(F) fixed we may suppose that
A4 ;) Nint A4,) is the union of collection of disjoint simple arcs and loops
properly embedded in 4; where 1 <i,j <n and i #j. Suppose that X(f) is not
empty. Since f(A;) N X(f) is empty there are integers i and j where i # j such
that cl(f —1 fi4) N int(4;)) contains an arc 8, having both its endpoints on a
single component of 34;. Now B, cuts off a disk D; on A;. Note that f|D, is
an embedding. After the usual arguments, we may suppose that DN
f~f int(4,) = int(8,). Let B, be the arc on 4, such that f(3,) = f(8;). Now
B, cuts off a disk D, on 4, and f(D,) U A(D,) is a disk embedded in M. Let
7, =¢cl(@D; —B,) and v, = cl(dD, —B,). Since F is incompressible in M, fry)
U f(7,) bounds a disk D on F. After the usual argument, we may suppose that
each arc in f()) fori = 1, .. ., n properly embedded in D meets both f(y,)
and f(y,). But it can now be seen that f was not chosen so that X(f) contains a
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minimal number of points since there is a homotopy f,: K — M such that f, =
f 7Y @F) = U\ for t € [0, 1], and the cardinality of X(f,) is less than
that of X(f). This establishes our claim.

We continue the proof of Lemma 5.13 with the added assumption that
FIf~1(F) is a homeomorphism. We suppose that f has been chosen subject to
the further restraint that £ ~!(F) contains as few essential loops as possible but
at least one loop. Let R be a regular neighborhood of F and F; and F, the
closures of the components of bd(R) — bd(M). We may suppose that f1f~(R)
is a homeomorphism. Let By, . . ., B, be the closures of the components of
K —f~1(R). Note that f|B; is a homeomorphism fori =1,...,n.

Suppose that i # j, f(3B;) U f(3B;) bounds disjoint annuli 4, and 4, in
F, UF,, and f(3B;) meets both 34, and 34,. Then we can find (F; U F)-
essential embeddings g,, 8, (4, 94) — (cI(M — R), f(3B; U 3B;)) that are
parallel rel (F; U F;). Note that it is a consequence of Lemma 5.3 that
fIK-(B;V B)) U g,(4) U g,(4) determines one or two essential maps of a
closed connected surface of genus one. Thus we may suppose that if B; and B;
are as above f(B;) is parallel to f(B)) rel (F; U Fj).

Suppose that 1 <i <j <k <n and fQQ,), f()\,-) and f(A;) lie on a single
annulus embedded in F. Let f; be a map homotopic to f such that f;(A,) =
i) =10), T (F) = f~(F), and f, |14, is a homeomorphism for v = 1,

.»n. Let A}, A%, and A% be the closures of the components of K —
aUNU A;). Then it can be seen that f |4} and f;143 or f; (AT U 43)
determines an essential map g: K; — M such that £~ 1(F) contains fewer loops
than does f ~!(F); note that such a map will be determined by f,14¥ if f; does
not carry a regular neighborhood of a4} in A} into a single component of R — F,

It follows that we may suppose that not more than two of the A; are
mapped by f into a single annulus on F.

Suppose that f{B;) and f(B;) are in general position with respect to one
another where i # j and that f{B;) N f(B;) contains an essential loop. Let A}
and A% be the closures of the components of K — (B; U B;). Suppose f(34})
meets both F; and F,. It can be seen that there is an annulus B} properly em-
bedded in M — int(R) such that 8B} = f(0A}). But B} must be (F; U F;)-
essential and it is a consequence of Lemma 5.3 that we can construct an essential
map f;: K; — M such that f,(K,) = B} U fld}) and f1(F) contains fewer
loops than f~!(F). This contradicts our construction of f.

Thus f(d4}) may be supposed to lie on F,. If the loops in f(3A4}) do not
bound an annulus on F,, we can find an annulus Bf properly embedded in
M — int(R) such that dB} = f(04}). Note that B} is F-essential since otherwise
it is a consequence of Proposition 3.2 that 9B} bounds an annulus on F;. Now
there is an essential map f,: K, — M such that f,(K,) = B} U f(AP) and f ' (F)
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contains fewer loops than f~!(F). Since this contradicts our construction of F,
we may suppose that f(d47) bounds an annulus on F;. Similarly f(d45) bounds
an annulus on F; U F,. It follows that f(dB,) U f(3B,) bounds a pair of dis-
joint annuli on F; U F, and that f{B,) meets both of these annuli. But then in
our construction of f, f{B,) and f(B,) were chosen to be parallel rel (F,; U F,).
This is a contradiction and f{B;) N f(B;) contains no essential loops if i # j.
Since m,(M) = 0, it can be shown that there is a map f; homotopic to f
rel R such that £, (B;) N f;(B,) is empty if 1 <i<j<n. Lemma 5.13 follows.

VI. The torus theorem. In this section we state and prove Waldhausen’s
“torus theorem.”

THEOREM 4. Let M be a compact, irreducible 3-manifold with nonvacuous
boundary. If M admits an essential map of a torus, M admits an essential embed-
ding of either a torus or an annulus.

PROOF. Let f: T — M be an essential map. Suppose D is a disk properly
embedded in M. We suppose that f is in general position with respect to D. Then
f~1(D) can contain no essential simple loops since fy: w1, (T) — @, (M) is monic.
It is not difficult to see that f is homotopic to a map f,: T — M such that
f1(T) N D is empty since m,(M) = 0. It follows that we may assume that OM is
incompressible.

Let M = M, and M;, F; C M;, U(F;) C M, for 1 <i<n be a special hier-
archy for M, with respect to f. We may suppose that & is an integer, f{T) C M,,
and if f; is any map homotopic to f such that f,(T) C M;, f,(T) N F is not
empty. We claim that either M, admits an essential map or f is homotopic to a
map into oM.

Since f may be chosen so that f{T) does not meet any disk D properly em-
bedded in M, we may suppose that F, is not a disk and 9M,, is incompressible
in M,. Suppose that f: T — M, is not essential. Let A, and A, be simple loops
on T which meet at a single point and cross at that point. Then f is homotopic
in M; to a map f, such that f;(A,) C dM,. We split T along A, to obtain an
annulus A. Now f, induces a map f- (4, 34) — (M, 3M,). If fis essential,
our claim is established. Otherwise by Proposition 3.2, fis homotopic rel 34 to
a map into M, since dM, is incompressible and m,(M,) = 0. It follows that f
is homotopic to a map into M} and our claim is established.

If f;: T — oM, is a map homotopic to f and T = f,(T), T, is a torus
since dM; is incompressible in My, 7, (M;) — m, (M) is monic, and f, 4(m, (D)) =
Z®Z C my(Ty). Thus it can be seen that T, is incompressible in M. Since f,
is essential, T is essential in M, and Theorem 4 follows.

Thus we may suppose that f: T —> M, is essential in M. It is a conse-
quence of Lemma 5.7 that if M, admits an essential embedding of an annulus or
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a torus, M; = M admits an essential embedding of an annulus or a torus. Thus
we may proceed with the added hypothesis that: if f; is any map homotopic to
fand F is any good surface in M, f,(T) N F is not empty.

If f is W-essential, Theorem 4 is a consequence of Lemma 5.4. If F is planar
and x(F) = -1, Theorem 4 is a consequence of Lemma 5.10.

Let F, be a good surface properly embedded in M. After a general position
argument, we may suppose that f "(FI) is the union of a collection of disjoint
simple loops. We assume that f has been chosen so that the number of loops in
this collection is minimal. Suppose some loop A C f “’(FI) is inessential. Let
the disk D be a regular neighborhood of the disk bounded by A on T. Since F,
is incompressible, f(A) is inessential on F; and f(97) is nullhomotopic in M — F.
Let f, be a map such that f, (T — D) = fI(T — D) and f,(D) N F, is empty.
Since my(M) = 0, f; is homotopic to f. The existence of f; contradicts the min-
imality condition on f so we may suppose that f "l(Fl) is a collection of disjoint
simple essential loops.

Let A, ..., A, be the closures of the components of T - f 'l(Fl). Our
minimality condition above insures that f|A4; is not homotopic rel 4; N f ‘l(Fl)
to a map into F;. Let R be a regular neighborhood of F;.

Suppose for some j, f(Ai) meets only one component of R — F;. Itisa
consequence of Lemma 5.12 that there is an essential embedding f: K — M
where K is a closed, connected surface of genus one. If K is a torus, we are
finished. Otherwise let N be a regular neighborhood of fIK). Now N is orientable,
s0 dN is a torus and 7, (9N) — m, (M) is a monic since f, is monic. Now ~!(F,)
contains a simple loop A such that f{A) is not freely homotopic to a loop in 3F;.
Since F, is orientable one component of N N F; is an annular neighborhood of
fOV. It follows that N is an essential torus in M since a loop in dN N F, is not
freely homotopic to a loop in oM.

We suppose for all i where 1 <i <n, f(A;) meets both components of
R - F, and that M does not admit an essential embedding of A. It is a conse-
quence of Lemma 5.11 that there is a surface K such that x(K) = 0 and a map
f: K — M such that

(1) F~1(F,) is a collection of disjoint simple essential loops.

(2) The restriction of fto each component of 7~X(F,) is a homeomorphism.

(3) The restriction of f to each component of K — f~1(F. 1) is a homeo-
morphism and the closure of each component of K — f~ ‘I(F,) is an annulus.
(Note that if f~1(F,) is connected, f is an embedding and the proof is completed
as above.)

If the image under f of some component of K — f~!(F;) meets only one
component of R — F,, we appeal to Lemma 5.12 and complete the proof of
Theorem 4 as above. We suppose that fhas been chosen so that the images of
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the loops in f~1(F,) are in general position with respect to one another on F;.
Let A, . .., A, be the components of f~*(F,) and
X(f) = U (fb\t) N fO\;))

i#];1<i<j<n

We suppose that X(f) is a finite set and that if 1 <i<j<k <n, f()\i) N f()\]) N
f()\k) is empty. Suppose that 8, and §, are arcs embedded in f()\i) and f()\]) re-
spectively such that

@) aﬁl = aﬂz = ﬂ] nﬁg-

(b) B, U B, bounds a disk Din F,.

(c) For each arc B C UL, f(\,) properly embedded in D, 8 meets both B,
and B,.

Then it can be shown that f is homotopic to a map f; such that X(f;) con-
tains fewer points than X(f) so that 7 1(F,) = 7~1(F,) and f; satisfies (1)—(3)
above. Thus we may suppose that no such §, and B, exist. LetA4,,..., A, be
the closures of the components of K — f~ "(Fl). After a general position argu-
ment, we may assume that the closure of 4, N f~1f~ lﬁint(Ai)) is the union of a
collection of disjoint simple arcs and loops for all i, j such that 1 <i<j<n.
Suppose there are arcs a; and o, properly embedded in 4; and A respectively
such that f(al) f(a,) and @, and @, are not spanning arcs of A and A; respec-
tively. Let D, be the disk on 4; cut off by &, and D, be the dlsk on 4; cut off
by @,. Observe that {D,) N ﬁA,) is a collection of disjoint simple arcs and loops
properly embedded in the embedded disk fD,). Thus by making appropriate
choices for a; and o, we may assume that f—(Dl) N R4 1) contains a collection of
simple loops and exactly one arc fla,) = ﬁaz). Let 8, and §, be the closures of
f(3D, - a,) and f(dD, — o) respectively. Then B, U B, bounds a singular disk
fDy) U AD,) in M so B; U B, bounds a disk D on F,. It follows from the usual
argument that we may suppose that each arc in D N f{K) properly embedded in
D meets both 8, and B8,. This contradicts our assumption on the minimality of
X(f), so we may assume that each arc in the closure of 4, N = 1 flint(4,)) and
properly embedded in A, is a spanning arc of A4;.

If f17~1(F,) is an embedding, Theorem 4 is an immediate consequence of
Lemma 5.13.

Let N be a regular neighborhood of fK). Let G =N N F,. Let N be the
manifold obtained by splitting N along G and P: N —» N the natural identification
map. Denote the copies of G in 3V N P~!(G) by G, and G, and observe that
G, and G, need not be connected. Let f; be f14; fori=1,...,n and f;

A; — N be the map induced by f;. Suppose j, is a simple loop in G,. Then
we claim that p, is freely homotopic in N to aloop in G,. Since fIK) is a defor-
mation retract of N, (U}, f:.(A,.)) N G, is a deformation retract of G;. Thus
is freely homotopic in G, to a loop in J.., f;(aA,). If u, is freely homotopic
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to a loop A in f;(34,) in G,, u, is freely homotopic in N to a loop in G, since
A is freely homotopic in f,.(A,-) to a loop in f,.(aA,.) -\ Let
X= U (fe4)nfie4p.
1<i<j<m
Now u, is homotopic in G, to a loop u, C UL, f,.(aA,.) where u, is the union
of embedded arcs B, (?), . . . , Bg(?) for ¢ in [0, 1] such that

(1) NX=0;fori=1,...,S;

) B(1)=8,0)fori=1,...,5-1;

® 80O =6s(). A
Note that a point in X lying on f,(4;) determines a spanning arc in f(4,) that
lies in f;(4;) N f(A;) where 1 <j < S and # i. Thus if B, lies on fi(4,), 36;
determines two spanning arcs ; and @, on f(4;). These spanning arcs are not
necessarily disjoint. Consider the arc on f",.(A ;) obtained by running along a,
from the component of af(A,.) not meeting $; to the component of af(A,) meet-
ing B;, along B, and then along a, to the component of 3f(4;) not containing f;.
This arc is homotopic rel its endpoints to an arc §; in af}(A ;)- Thus for each @;,
there is a natural way to associate a [f; CG,fori=1,...,S8 with §;. Further-
more we can fit the homotopies above together in a natural way to form a free
homotopy from u, to U;?;IB;. This completes the proof of our claim.

It is a consequence of our claim above and the theorem in [14] that if X is
a simple loop in G, , there is an annulus 4 embedded in N such that A N G, = A
and ANG, =04 -\

Note that each component of G which is nullhomotopic in M bounds a
disk on F,. Let G* be the submanifold of F, obtained by attaching all such
disks to G. Now any loop in G* that is nullhomotopic in F; is nullhomotopic in
G*. Since f~!(G*) contains an essential loop, no component of G* is a disk. If
a component G¥ of G* is an annulus, f carries the components of F "‘(G‘{) to
disjoint loops and as a consequence of Lemma 5.13 f may be taken to be an em-
bedding. Now Theorem 4 follows as above. If G* is planar and has exactly three
boundary components f17~1(G*) may be taken to be an embedding. It is a
consequence of Lemma 5.13 that f could be taken to be an embedding and
Theorem 4 would follow as above.

We suppose then that if a component of G* is planar it has at least four
boundary components. Let A;, ..., \, be a collection of essential simple loops
properly embedded in G such that

(1) Arcs B; CA; and B, C A; do not exist where §; U f, bounds a disk on
G*forl1 <i<j<r

(2) G* - (Ui=\; Y 0G*) is a collection of open annuli (or a disk if G*
is closed).
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(3) UJ=X is a deformation retract of G* if G* is not closed.

@ NN A; contains at most two points for 1 <i<j<r.

The reader may observe that A; N A; for 1 <i<j <r may be assumed to be a
single point if G* is not planar.

Let 4,, ..., A4, be a collection of annuli properly embedded in N such
that

(1) PA;NG)=Nfori=1,...,r

(@) 4,nG,isaloopinint(G,) fori=1,...,r
After the usual cutting argument, we may suppose that 4; N 4; is a collection of
disjoint spanning arcs for 1 <i<j<r.

Let N, be a regular neighborhood of G* U U], P(4,). 1t is not difficult
to see that if one splits N, along F; N N, one obtains a 3-manifold homeo-
morphic to G* x [0, 1] since G* is a deformation retract of N; N F,. Let G}
be a component of G*. Then it can be seen that N, is a bundle with base st
and fibre G{. Since N, is an orientable 3-manifold, dV; is an orientable 2-mani-
fold. Since N, is a bundle with base S! and fibre G¥, 0N, is a collection of tori.
Since 9M is not empty, dN, is not empty. Let T, be a component of dN,. We
claim T is incompressible in M. Let A, be a simple loop in T; N F,. Since
7,(GY) — m,(F,) is monic, A, is essential in M. Let A, be a simple loop on T,
that meets each loop in T; N F; in a single point and crosses F, at each point in
A, N F,;. Then the intersection number of A, and F; can be seen to be the same
as the cardinality of F; N A,. Suppose [\] € m,(T,) is an element such that A
is an inessential loop in M. Then [A] =s,[\;] + s,[A,]. Since the intersection
number of A; and F; is not zero and that of \, and F, is zero, s, = 0. Since
A, is not nulthomotopic on F; and F, is incompressible in M, s, = 0. Thus
[A] =0 € ny(T,) and T, is incompressible in M. If T, is not parallel to a com-
ponent of 0M, T, is an essential embedding of a torus in M and Theorem 4
follows.

Otherwise it can be seen that NV, is a deformation retract of M and M may
be taken to be a bundle with base S! and fibre F,. It follows that G* is connect-
ed as is the regular neighborhood in F, of F; N flK). Denote such a neighbor-
hood by F. Then it can be seen that m,(F) — &, (F,) is an epimorphism.

We claim that M has a finite sheeted cyclic covering (1171', P) homeomorphic
to Fy x S1. If this is true, there is an essential map f: (4, 04) — (ITI', 31‘7)
since F, is not a disk. But then pf: (4, 04) — (117, aii) is an essential map and
Theorem 4 will follow from Theorem 2.

The proof of Theorem 4 will be complete when we establish the claim
above. Let k be the number of loops in f~1(F,). Let (M*, q) be the k-sheeted
cyclic covering of M associated with F;. Then there is an embedding g, 11 K—
M* such that qg, = f- Let p*: M* — M* be a generator of the group of cover-
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ing translations. Now p*'g, (K) N p*/g,(K) is the union of a collection of disjoint
simple loops for 0 <i <j <« since the closure of 4; N Fflint(4 /) is a col-
lection of disjoint simple spanning arcs of 4; and simple loops in 4; for 1 <i <
j<K.

Let F; be a component of p~!(F,). Let k;; be the intersection number of
F, and any loop in p*, (K) N p*/g, (K) that meets F,. If no loop in p*'¢, (K)
N p"‘fgl(K) meets F, let K =1 for 0 <i<j<k. Let kK be the least common
multiple of the k; and 2.

Let (M pl) be the k-sheeted cyclic covering space of M* associated with
F_'l Then we claim there is an embeddmg h;: T —> M such that plhi(T) =

*'2,(K) and (h(T), pIh(T)) is a k- sheeted cyclic covering of p*'g l(K) for0 <
i < k. Clearly we need only show that py gl (K) is a torus. Since, for each
simple loop A C E;"q‘l(Fl ), K — X is an open annulus, each nonorientable loop
on K has odd intersection number with A. Thus p!g,(K) is a torus.

Let p = gp,. Then (ITI', p) is a k * K-sheeted cyclic covering of M. Let ﬁl
be a component of p‘l(Fl). Note that each simple lggp in h,-g) N h{(T) meets
F, in at most a single point for 0 <i <j <k. Split M along F; to obtain a 3-
manifold ¥. Let P: N —> M be the natural identification map and 71i: (4, 04)
— (177, BIT’) the maps induced by the A;: T— Mfor0<i<k.

We suppose that for each i where 0 <i <k there.is a j <i where 0 <j
such that ﬁ,(A) N h(A) contains a spanning arc of h/(A). This is possible since
Uikor (D N Fl) is connected although it may be necessary to reorder the sub-
scripts on the k, for 0 <i <k.

We have that fig(4) N h,(A) is a collection of disjoint simple loops and
spanning arcs. Using standard techniques, we can find proper embeddings ﬁ:,: A
— N and &): A — N such that

(1) hj@A) = h,4) forj=0,1.

(2) Ay(4) N A}(A) is the union of a collection of disjoint simple spanning
arcs.

(3) hg(4) N AY(4) C hy(4) N A, (A).

Since A, o(4) and ﬁo(A) differ only on the interior of the union of a collection of
disjoint disks on A and m,(V) = 0, fif,(4) and %,(4) are homotopic rel Ay(34).
Similarly 4, (4) and A (4) are homotopic rel iz,(aA). Thus if 2 <i <k and
R(A) is homotopic rel dk)(A) to A(A) and if @, is a spanning arc of &j(4) in
ﬁ(A) N k' ((4), a, is homotopic rel its endpoints to a spanning arc in I?i(A) N
(A) A similar statement holds for a spanning arc 71,(A) in h(A) Nk, 1(4).

Let N, be a regular neighborhood of ho(A) V) hl(A) inN. Let G bea
regular neighborhood of (hy(T) U hl(T)) N Fl in Fl We may suppose that
P~1G, =N, nP~'(F,). Since hy(4) N K (A) is a collection of disjoint simple
spanning arcs of fip(4) and A (4), there is a homeomorphism 8,: G, x [0, 1]
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— N, such that

(1) 5,@G, x [0,1]) =N,.

(2 8,(@G, x {0,1}) =P~1G,.

(3) There are simple loops u, and u; on 51 such that 8, (uo x [0, 1]) =
ho(A4) and 8, (uy x [0, 1]) = ki (4).

4) P9,(x,0) = P?l(x, 1) for x € G,.

Suppose that m,(G,) — =, (Fx) is not monic. Then there is a disk 0; embedded
in P~ l(Fl) such that D; N P‘I(Gl) dD,. Thus there is a component a, of
3G, such that §,(a, x {j}) = 3D, forj=0or 1. We suppose 8,(z, x {0}) =
aD,. Since 01("1 x [0, 1]) U D, is an embedded disk and P‘lFl is incompres-
sible, 8, (2; x {1}) bounds a disk D, embedded in P~1(¥,). Now D, N
P"(Gl) 3D, and D, UD, U B,(a; x [0,1])isa a 2-sphere 5% embedded in
N Itisa consequence of Theorem 8.1 in [15] that N is irreducible. Thus $2
bounds a 3-ball B3 embedded in N. It follows that 0l can be extended to a
homeomorphism of (G, U P(D,)) x [0, 1] onto N, U B3. Since G, has only
finitely many boundary components, we may suppose that there is a surface G,
embedded in F, such that G; D G, and =,(G,) — m(F,) is monic. Applying
the argument given above inductively, we may suppose that there is an embedding
8,: G, x [0, 1] — N that extends 8, such that

(1) 6,(G, x {0,1})=P~1G,.

(2) There are loops ug and 1, on G, such that 0,(ug x [0, 1]) = hg(4)
and 0, (u, x [0, 1]) = hy(A).

(3) Poy(x,0)=Po,(x, 1) for x €G,.

Note that 8, (3G, x [0, 1]) is a collection of disjoint incompressible annuli in N

Suppose that u,, . . . , #y, Gy, and @ have been defined as above for
k <k. After an argument similar to those given above, we may assume that

X “(:4) N 0, (3G, x [0, 1]) is a nonempty collection of disjoint simple arcs.
Thus k., (4) N 6,(G, x [0, 1]) is a nonempty collection of disks properly em-
bedded in 6,(G, x [0, 1]).

Note that if fz;(cl) is freely homotopic to a component of 6,(3G, x {0, 1})
in 6,(9G,, x {0, 1}), the loop sz}(cl) =h(T) N E is isotopic in ﬁl to a loop
that fails to meet hl.(T) N ?l forj #i,0 <j <k. This implies that there are arcs
B, and B, in IK) N F, such that B, N B, = 3p, = 3B,, B, U B, bounds a disk
onFy and B, (B,) liesin the image of a component of f~!(F,). This contradicts
an earlier hypothesis.

We proceed with the assumption that & i(c,) and A; i(c,) are not freely homo-
topic in F, to loops in 3P~1G, for 0 <i <k We may also assume that each
disk D in &, +1(A) N 0,(G,. x [0, 1]) contains a spanning arc of A} ,(4) and
one of the annuli & 1(A) where 0 <i<k. Suppose DN o(4) contains a spanning
arc of ﬁk“(A) We show that D is isotopic rel 3D N 8,(G, x {0,1}) toa
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product disk i.e., B x [0, 1] where B is an arc properly embedded in G,. We may
assume that PN ﬁ;,(A) is the union of a collection of simple spanning arcs of
ﬁ;,(A). Let , be a spanning arc in this collection. Let D; be the closure of one
component of D — a,. We may suppose that D; N ﬁ:)(A)= @, . Now @, is homo-
topic rel its endpoints to a spanning &} in #g(4) N A, ,(4) such that P3c}) is

a single point. Thus there is a point x, in G, such that 6,({x,} x {0, 1}) =
oa,.

We will show that the arc a, is homotopic rel its endpoints to
0,({x;} x [0,1]). Let ¢,: G; x [0, 1] — G, be defined by ¢,(x, ) = x for
xin Gy, tin [0,1]. Let B, = DN 6,(G, x {0}) and B, = DN 0,(G, x {1}).
Now ¢k0;l(po) = ¢k0;l(ﬁ1) since P(B,) = P(B,) for Pok({xl} x {0}) =
P9, ({x;} x {1}). Thus ¢k0;': D — G, determines a map of either an annulus
or a mobiusband into G,. Since Phj, , (4) is orientable, we see that ¢,0;': D
—> G, determines a map €,: (4, 34) — (Gy, 9G)).

Consider the map €;: 4 — G, induced by ¢k0;l ID,. If €4 is monic,
I is homotopic to a loop in 9G, which we have shown leads to a contradiction.
It follows that €,(c,) and €,(c,) are nullhomotopic in G;. Thus the loop
¢ko;’(v, N fz;.(A)) is nulthomotopic and the arc @, is homotopic rel its bound-
ary to 8,({x;} x [0, 1]) as was to be shown.

It follows that after a homotopy of 7’;: +1 Tel 04, we may suppose that
0 ' (A}, 1(4)) is a collection of product disks i.e. ¢, 0% ! (Af., ,(4)) is a collection
of arcs. But now 8, can be extended in an obvious way to 0, , 4 Gy q X
[0, 1] — N where Fy; D G4 2 Gy so that

(1) 0441(Gryy x {0,1) =P (Gyyy)-

(2) There are loops g, - . . , Mg4q On Gy p 4 such that 8, . ,(u; x [0, 1])
=hiA) fori=1,...,k+1.

3) PO, (x,0)= Po’,&“(x, 1) for x €G-

4 m,(Gy ) — my(F,) is monic.

It follows that there is an embedding 0,: G, x [0, 1] — IV such that

@) P, (x,0)=Po, (x,1)forx €EG,.

@) PG, x {0 22U (DN F,.

(3) 0, 4 is monic.

Since 0,(G, x {0, 1}) D UA;(04), 0, is onto. Thus P9, (G, x {0} isa
deformation retraction of E. But it can now be seen that P (G, x [0, 1]) is
homeomorphic to G, x S* and is a deformation retraction of M. 1t follows that
M is homeomorphic to G, x S and Theorem 4 follows.

VII. Other theorems and applications.

THEOREM 5. Let M be a compact, bounded, irreducible orientable 3-mani-
fold. If M admits an S-essential map, M admits an essential embedding h: T — M.
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ProOF. Let f: T — M be an S-essential map. By Theorem 4, M admits an
essential embedding g, : (4, 94) — (M, aM) or an essential embedding h: T —>
M. Assume the former and that f is not homotopic to a map f; such that f,(T)
N g,(4) is empty. It is a consequence of Lemma 5.6 that there is an embedding
h: T — M such that 2~ (7)) contains a simple loop X so that h()) is freely homo-
topic in g;(4) to a loop in dg,(4) and k, is monic. We may suppose that A, is
a simple essential loop in f ‘l(gl(A)). Since A, is essential and f is S-essential
fQ\,) is not freely homotopic to a loop in dM. Since f(A,) is freely homotopic to
a loop in g, (34), f(,) is freely homotopic to a multiple of 2(\) and A(Q) is not
freely homotopic to a loop in @M. Thus £ is essential.

If f is homotopic to a map f; such that f,(T) N g,(A4) is empty, we trade f
for f, and assume {T) N g,(4) is empty. Let M, be the manifold obtained by
removing the interior of a regular neighborhood of g,(4) from M. If f: T — M,
is essential, we repeat the argument above. As a result of this argument, either we
find an essential embedding g,: (4, 94) — (M,, dM,) or an embedding h: T —
M, such that h: T — M is essential. In case we find g,: A — M, and f is homo-
topic to a map f; such that f,(T) N g,(4) is empty, we suppose that f(T) N g,(4)
is empty and let M, be the 3-manifold obtained from M, by removing the interior
of a regular neighborhood of g,(4) from M,. If fis not homotopic to a map
such that f{T) N g,(A) is empty, we find a map h: T — M, as above so that
h: T — M is essential.

We continue the process above until either we have found an essential map
h: T— Mor f: T — M, C M is inessential in M;. Note that we have constructed
a partial hierarchy for M and the process above must terminate.

Suppose 9M; is not incompressible in M;. Then there is a disk D properly
embedded in M; such that 37 is essential in 3M;. We may suppose that £ ~1(D)
is the union of a collection of simple loops. If A in f~1(D), A is nullhomotopic
on T since f, is monic. Thus after the usual argument we may suppose that A7)
N D is empty. It can now be seen that we can assume that dM; is incompressible
and M; is irreducible. It follows from standard arguments that f is homotopic to
a map into dM;. Suppose that f,: T — 0M; is homotopic to f. Let T, = f, (7).

Note that f,: T — T, is homotopic to a covering map by Lemma 1.4.3 in
[15] since f, ,: m,(T) — @,(T,) is monic and that T, is a torus. Let h: T —
T, be an embedding. Then hy: m,(T) — =, (M) is monic since dM; is incompres-
sible in M; (and in M). It can now be seen that % is an essential map. This com-
pletes the proof of Theorem 5.

THEOREM 6. Let M be a compact, orientable, irreducible, boundary irre-
ducible 3-manifold. Let the torus T, be a component of dM. Suppose M admits
an essential embedding g: (A, 0A) — (M, T,). If g(A) separates M, we denote
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the closures of the components of M — g(A) by M, and M,. Then either M admits
an essential embedding of T or g(A) separates M and M; is either a solid torus or
homeomorphic to T x [0, 1] forj=1,2.

Proor. Let A and 4, be the closures of the components of T, — g(34).
Let g;: T —> M be an embedding such that gi(T) is parallel to the torus 4; U g(4)
forj=1,2. If g, is not essential, either g, ,: m,(T) — m, (M) is not monic or
£,(T) is parallel to a component of M. In the former case, the usual argument
shows g, (T) bounds a solid torus N in M. Since T, is incompressible in M, T, is
not contained in N. Thus g(4) is not contained in N. This shows that M; may
be taken to be a solid torus.

In the latter case g, (T) and a component F of aM bound a submanifold N
of M homeomorphic to T x [0, 1]. Since g is essential, F # T, and g(4) is not
contained in N. Since g, (T) is parallel to 4, U g(A4), the desired manifold M, is
the union of N with the submanifold of M bounded by g,(T) and 4, U g(4).
We observe that oM, = (0N —g,(T)) U A, U g(4).

A similar argument establishes the existence of the desired M,. This com-
pletes the proof of Theorem 6.

CoROLLARY TO THEOREM 6. Let M be the knot space of a knot K. If M
admits an essential map of a torus but not an essential embedding of a torus, K
is a torus knot.

Proor. This result follows immediately from Theorem 4 and Theorem 6.

We observe that Theorem 7 below gives a partial answer to question T on
p. 101 in [8]. Theorem 7 also seems to be related to problem 4, p. 168 in [7].
This question has been partially answered in [4].

THEOREM 7. Let M be the space of a knot K. Suppose m,(M) has a sub-
group A isomorphic to Z ® Z such that A is not conjugate to a subgroup of a
peripheral subgroup of n,(M). Then either K is a torus knot or M admits an
essential embedding g: T — M such that gym,(T) is not conjugate to a subgroup
of a peripheral subgroup of m,(M).

ProoF. Let f: T — M be a map such that fym,(T) = A C 7, (M). Note
that f is essential since if f were homotopic to a map into oM, A would be con-
jugate to a subgroup of a peripheral subgroup of m; (M). Thus by Theorem 6
either K is a torus knot or M admits an essential embedding g: T —> M. But since
&(T) is not parallel to aM, g4, (T) is not conjugate to a subgroup of 7, (3M) C
m,(M). This completes the proof of Theorem 7.

In Theorem 8 below we give a positive answer to question 3 on p. 24 in [9]
in case M is a bounded, irreducible, orientable 3-manifold and the surface in ques-
tion has genus one. An example in [13] shows that Theorem 8 does not hold if
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either M is not required to be bounded or M is not irreducible.

THEOREM 8. Let M be a compact, bounded, irreducible, orientable 3-
manifold. Let f: T — M be a map such that fy: m,(T) — n,(M) is monic. Then
there exists an embedding g: T — M such that g: n,(T) — n,(M) is monic.

ProOF. Let D be a disk properly embedded in M. After a homotopy we
may suppose that £~ (D) is the union of a collection of disjoint simple loops.
Since f, is monic, each loop in £~ (D) is inessential on 7. Thus we may suppose
that f~1(D) is empty and M is incompressible.

If f is S-essential Theorem 8 is a consequence of Theorem 5.

If f is homotopic to a map into aM, one component of dM is an incompres-
sible torus embedded in M and Theorem 8 follows.

Thus we may suppose that f is W-essential. It is a consequence of Theorem
4 that M admits an essential embedding of either a torus or an annulus. In case
of the former, Theorem 8 follows. Otherwise we assume that f is in general posi-
tion with respect to an essential annulus 4, in M. If f is not homotopic to a
map f; such that f,(T) N A, is empty Theorem 8 is a consequence of Lemma
5.6. Otherwise we assume that {T) N 4, is empty and remove the interior of a
regular neighborhood of 4, from M to obtain a 3-manifold M, .

If f: T— M, is homotopic to a map into aM,, Theorem 8 follows as
above. Otherwise we repeat the argument above to obtain an essential embedding
A, of an annulus in M,. It is a consequence of the theorem on p. 60 in [15]
that the construction above can be carried out at most finitely many times.
Theorem 8 follows.

THEOREM 9. Let M and N be compact, connected, bounded, irreducible
3-manifolds. Let ®: n,(M) —> m,(N) be a monomorphism. Suppose that dM is
an incompressible torus and that M admits no essential embedding of an annulus.
Then there is a submanifold Ny of N and a covering map y: M — N, such that

« =01 (M) — m,N).

REMARK. The following example shows that Theorem 9 is false if M is
allowed to admit essential embeddings of annuli: Let p, q and r be integers and
p and qr relatively prime. Let M be the space of a p, q torus knot and N the
space of a p, qr torus knot. Then m,(M) = (x, y: xP = y%) and m; (V) =
(w, z: WP = 297). We define a monomorphism ®: , (M) — m,(N) by setting
&(x) = w and &(y) = 2" and extending in the natural way. We observe that
®(n, (M)) is not of finite index in 7, (V) since {x, y: xP = y?, y = 1) is a finite
group while (w, z: wP = 297, z" = 1) is isomorphic to the free product of the
integers mod p with integers mod r which is not finite. Thus since M is compact,
M is not a finite sheeted covering of N. Schubert has shown in [10] that a torus
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knot has no companions. Thus if Theorem 9 held, M would be a finite sheeted
covering space of N, This is impossible.

ProoF oF THEOREM 9. Using standard techniques, we can find a map
f: M — N such that f, = ® since 7,(N) = 0. Suppose D is a disk properly em-
bedded in N such that 87 is essential in dNV. Then f is homotopic to a map f;
such that £ 1(D) is the union of a (possibly empty) collection of disjoint disks
properly embedded in M by Lemma 1.1 in [3]. Since aM is incompressible and
w,(M) = 0, we may assume that f ;I(D) is empty. We replace f by f;. Thus we
may suppose that f{M) lies in the complement of the interior of a regular neigh-
borhood of D. It follows that we may suppose that N is incompressible.

Suppose A is an essential annulus properly embedded in N. As above we
may assume that f~1(4) is a collection of disjoint annuli properly embedded in
M. Since M admits no essential annuli, these annuli are parallel to annuli in M.
It follows that we may suppose f~1(4) is empty and thus that N admits no
essential embeddings of annuli.

If f: 9M — N is homotopic to a map into dV, we may suppose that
f(0M) C aN. But then by Theorem 6.1 in [15], f is homotopic to a covering
map since M is not homeomorphic to T x [0, 1]. Since this would establish
Theorem 9, we may assume that f: M — N is an essential map. By Theorem
4, N admits an essential embedding g,: T — N or k: (4, 34) — (N, aN). We
have assumed that such an & does not exist. Letg;: T—>Nfori=1,...,n
be a maximal collection of essential embeddings such that

) g1 ng,.(T) isempty for 1 <i<j<n

(2) g(T)and g,.(T) are not parallel for 1 <i<j<n.

The hierarchy theorem guarantees the finiteness of this collection.

We assume that f: M — N is transverse with respect to U7, g,(7). Itis
a consequence of Lemma 1.1 in [3] that we may take f “(U?=l gM)=Fto
be an incompressible surface. It can be seen as above that we may suppose no
component of F is an annulus. Thus F is the union of a collection of tori.

Suppose T, is a component of F and T is parallel to 9M. Then fis
homotopic to a map f,: (M, aM) — (N, f(T,)) so that f{ 1 A(T,) is the union of
a nonempty collection of disjoint incompressible tori. We let f = f; without
loss of generality.

If f~1f(aM) = dM, we apply Theorem 6.1 in [15] as above to complete
the proof of Theorem 9. Note that the torus f(3M) separates NV since it represents
a boundary of a chain in C3(V; Z,). Suppose f~ 1£(dM) is not connected. Let
N, be the closure of a component of N — f(dM) that contains a component of
dN. Let M, be a component of f~'(V,). Now fIM,: (M,,3M,)— (N,,dN,).
Since f(dM,) does not meet dN, there is no homotopy f,: (M;, dM,) —

(Vy, ON,) such that f, = fIM, and f, is a covering map. Thus by Theorem 6
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in [15], there is a homotopy as above such that f,(M,) C aN,. It follows from
standard arguments that we may suppose that f~f(dM) = aM and Theorem 9
follows.

We suppose that f(oM) N U7, g(T) is empty and f: 9M —> N is not homo-
topic to a map into g(T) where 1 <i < n and show this leads to a contradiction.
This will complete the proof of Theorem 9. It is a consequence of Lemma 5.4
that g;: T —> N is an S-essential map for 1 <i < n since it has been supposed
that V does not admit an essential map of an annulus. Let N, be a regular neigh-
borhood of J},£,(T) in N and N; = N —int(N,). Let N, be the component
of N that contains f(9M). By assumption f: 9M — N, is an essential map.
Thus by Theorem 4 there is an essential embedding g,,, ,: T — N, or an essen-
tial embedding h: (4, 94) — (V,, ON,). Since g;,i=1,...,n, is a maximal
collection of essential embeddings g, , ; does not exist. We show below that it
is impossible for k to exist.

Note that h(9A4) does not lie on 9N since N admits no essential embeddings
of annuli. If  carries one component of 34 to dN and the other to dN, — aN,
one of the g; is not S-essential so we may suppose that #(d4) C aN, — aN.

If h(34) is contained in a single component of 3N, —aN, it is a consequence
of Theorem 6 that a representative of the generator of , (h(4)) is freely homo-
topic to a loop in dN. Thus an essential loop on aN; — dN is freely homotopic
to a loop in ON. This is impossible since g; is S-essential fori=1,...,n.

We suppose that h(c,) and h(c,) lie on distinct components of dN, — aN.
We denote these components by T, and T, respectively. Suppose that f is homo-
topic to a map f; such that f,(T) N h(4) is empty. Let ﬁfz be a regular neigh-
borhood of T, U T, U g(4) in N,. Let N, be the closure of N, — N,. Now
N, NN, is a torus T,. Suppose T, is not essential in N;. If 7,(Ty) — m, (V)
is not monic, the usual argument shows that T, bounds a solid torus N, C N, .
But NV, does not contain T, so N, = V,. But then f,: m,(@M) — ,(¥,) is not
monic which is impossible. If T, is parallel to a component of aN,, T, is
parallel to a component of aN, — (T, U T,) so N, is homeomorphic to T x
[0, 1]. This is impossible since f: 3M — N, is not homotopic to a map into
oN,.

Thus we may assume that f: 93/ — N, is not homotopic to a map f;: oM
—> N, such that f;(0M) N k(A4) is empty.

After the usual argument, we may assume that 3M N f~!h(4) is the union
of a collection of disjoint, simple, essential loops A, . . ., A,,. It can be seen
that f: 3 —> N, is homotopic to a map f;: d9M —> N, such that fT'h(4) =
i l‘lh(cl) = f~1n(A). Now the restriction of f; to the closures of the compo-
nents of 9M — | JJL ,\; determines a collection of maps f', 4,04)—> W, T)
fori=1,...,mand it can be seen that if f: is not essential for some i where
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1 <i<m, f;: 3M — N, is not essential for it will be homotopic to a map into
T,. Thus by Theorem 2 there is an essential embedding &, : (4, 34) — (V,, T)).

It has been shown above that if #(3A4) is contained in a single component
of 3N} — 0N, N, admits an essential embedding of . This is a contradiction.
Thus f: 9M — N, is homotopic to a map f,: 83 — dN,. This completes the
proof of Theorem 9.

THEOREM 10. Let M and N be compact connected, irreducible, boundary
irreducible 3-manifolds. Suppose that OM is a torus and that M does not admit
an essential embedding of an annulus. If ®: w,(M) — n,(N) is an isomorphism,
there is @ homeomorphism h of M onto N such that hy = ®.

Proor. By Theorem 9 there is a submanifold N, of N and covering map
Y: M — N, such that Uy = (M) — 7, (V). Thus f[),., is an isomorphism
so my(Ny) — 7, (V) and Y : m, (M) — =, (V,) are isomorphisms and ¢ is an
embedding. Let N, = cI(V — N;). It is a consequence of van Kampen’s theorem
that o) (V) is the free product of #,(V,) and m,(N,) with amalgamation over
m, (3N, ) since m, (dN,) — m, (V) is monic. It is a consequence of Lemma 4.2
in [2] that m;(dN,) — m,(V,) is an epimorphism. It follows from Lemma 1.1
in [3] that N, is homeomorphic to T x [0, 1]. Theorem 10 follows.

REMARK. Let M be the space of the square knot and NV the space of the
granny. Then it is known that m, (M) = m, (V) but that M is not homeomorphic
to N so the requirement in Theorem 10 that M does not admit an essential em-
bedding of an annulus cannot be omitted.
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